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Abstract. We study the dynamics of strongly dissipative Henon-like maps, around the first 
' bifurcation parameter a* at which the uniform hyperbolicity is destroyed by the formation 

of tangencies inside the limit set. We prove that a* is a full Lebesgue density point of the 
set of parameters for which Lebesgue almost every initial point diverges to infinity under 
positive iteration. A key ingredient is that a* corresponds to "non-recurrence of every critical 
point" , reminiscent of Misiurewicz parameters in one-dimensional dynamics. Adapting on the 
one hand Benedicks & Carleson's parameter exclusion argument, we construct a set of "good 
parameters" having a* as a full density point. Adapting Benedicks & Viana's volume control 
argument on the other, we analyze Lebesgue typical dynamics corresponding to these good 
^0 ' parameters. 

Q" 

+-> 

1. Introduction 

One important problem in dynamics is to describe transitions from structurally stable to 
unstable regimes. Equally important is to describe how strange attractors are created. A 
O prototypical example intimately connected to these problems is given by the Henon family 

(N ■ H a : (x,y) ^ (1 - ax 2 + Vby, ±Vbx), < b < 1. 



For all large a, one gets a uniformly hyperbolic horseshoe [9j, a paradigmatic example of 
structurally stable chaotic systems. As one decreases a, the horseshoe loses its stability at a 
bifurcation parameter, and then a nonuniformly hyperbolic strange attractor is created, with 
positive probability in parameter space [5] . The aim of this paper is to shed some light on the 
process of this sort of transition from horseshoes to strange attractors. 

We work within a framework set up by Palis for studying bifurcations of diffeomorphisms: 
consider arcs of diffeomorphisms losing their stability through generic bifurcations, and analyze 
which dynamical phenomena are more frequently displayed (in the sense of Lebesgue measure 
in parameter space) in the sequel of the bifurcation. More precisely, let (<p a ) be a parametrized 
family of diffeomorphisms which undergoes a first bifurcation at a = a*, i.e., ip a is structurally 
stable for a > a* and <p a * has a cycle. We assume (ip a ) unfolds the bifurcation generically. A 
dynamical phenomenon V is prevalent at a* if 

liminf e _1 Leb({a G [a* — e, a*] : y? a displays V}) > 0. 

This framework originates in the work of Newhouse and Palis [13j . on the frequency of 
bifurcation sets in the unfoldings of homoclinic tangencies. In that paper, diffeomorphisms 
before the first bifurcation are Morse-Smale. Palis and Takens [HI [151 IB] , inspired by works 
of Newhouse, studied the prevalence of uniform hyperbolicity in arcs of diffeomorphisms for 
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Figure 1. Manifold organization for a = a*. There exist two hyperbolic fixed 
saddles P, Q near (1/2, 0), (—1,0) correspondingly. In the orientation preserving 
case (left), W U (Q) meets W S (Q) tangencially. In the orientation reversing case 
(right), W U (P) meets W S (Q) tangencially. The shaded regions represent Rq 
(see Sect. 2.1). 

which the non-wandering set of the diffeomorphism at the bifurcation is a union of a non- 
trivial basic set of saddle type and an orbit of tangency. In opposite direction, the frequency 
of non-hyperbolicity was studied by Palis and Yoccoz [T7J HH [19]. 

For the Henon family, the first bifurcation where the horseshoe ceases to be stable cor- 
responds to the formation of homoclinic or heteroclinic tangencies [2J. This tangency is 
quadratic, and (H a ) a unfolds the tangency generically [3]. The orbit of the tangency is ac- 
cumulated by transverse homoclinic points, and hence contained in the limit set. In [8], all 
these statements are extended to Henon-like families, a perturbation of the Henon family (see 
Section 2 for a precise definition). 

This sort of bifurcation is completely different from the one treated in [HJ UHl [161 CEO EES H] . 
A key aspect of models treated in these papers is that the orbit of tangency at the first 
bifurcation is not contained in the limit set. This implies a global control on new orbits 
added to the underlying basic set, and moreover allows one to use its invariant foliations to 
translate dynamical problems to the problem on how two Cantor sets intersect each other. 
This argument is not viable, if the orbit of tangency, responsible for the loss of the stability 
of the system, is contained in the limit set, as in the case of Henon-like families. Let us call 
such a bifurcation an internal tangency bifurcation. 

For an Henon-like family (f a ), we aim to describe changes in the set 



By a result of [8J, there is a parameter a* such that K a is a hyperbolic set for a > a*, and 
(fa) a unfolds a quadratic tangency at a = a* generically. This suggests that the structure of 
K a depends in a very discontinuous way upon a. For instance, a* is accumulated from left 
by: a-intervals for which f a has sinks [TJ [TU]; sets with positive Lebesgue measure for which 
f a has nonuniformly hyperbolic attractors [12J, etc. A consequence of our theorem is that the 
frequency of such parameters tends to zero as a — > a*. Let 



Theorem. For an Henon-like family (f a ) there exists a set A of a-values such that: 

(a) lim e _ >+0 e _1 Leb(A n [a* - s,a*]) = 1; 

(b) if a G A, then has zero Lebesgue measure. 

(c) if a G A, then f a is transitive on K a . 



K a ={zeR 2 : {f n a z] n& is bounded} . 



K+ = {zeR 3 :{/M 



n. 



>o is bounded} . 
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Figure 2. Landscape in the (a, o)-plane near (2, 0). Parameter sets constructed 
in [5J d21 123] corresponding to nonuniformly hyperbolic strange attractors are 
contained in the blue region. Our parameter set is contained in the red region. 
The dynamics are uniformly hyperbolic at the right of the a*-line. 



To grasp the meanings of the theorem, it is worthwhile to recall Jakobson's theorem [TT] for 
the quadratic family x — > 1— ax 2 , which states that a = 2 is a (one-sided) full Lebesgue density 
point of the set of parameters corresponding to absolutely continuous invariant probability 
measures. These measures allow one to statistically predict the asymptotic "fate" of Lebesgue 
almost every initial conditions. For a > 2, the orbit of the critical point x = is escaping, 
and thus the invariant set is uniformly hyperbolic. In other words, a = 2 is a first bifurcation 
parameter of the quadratic family. Immediately right after the bifurcation one mainly gets 
"observable chaos" . Our theorem asserts a sharp contrast to this sort of transition. For a G A, 
K a behaves like a basic set of saddle type, in that Lebesgue typical points escape from any 
neighborhood of it. This means that, physically observable complicated behaviors are chaotic 
transient around K a , not sustained in time. 

This striking difference at the first bifurcation stems from a simple fact intrinsic to two- 
dimension: at the parameter a*, the unstable manifold of the saddle fixed point (s) is not 
confined in any bounded region. Indeed, one key step in the proof of the theorem is to show 
that, for carefully chosen parameters, the unstable manifold intersects in a set with zero 
Lebesgue measure on the manifold. 

By the continuous dependence of invariant manifolds on parameter, one can take a param- 
eter a' < a* such that W U (P) is unbounded for a 1 < a < a*. Let a** denote the smallest 
with this property. Our parameter set A is contained in (a**, a*]. Benedicks and Carleson [5J, 
Mora and Viana [T2] constructed a set of a- values near 2, corresponding to maps for which 
the closure of W U (P) is a nonuniformly hyperbolic strange attractor. Their parameter sets 
are at the left of a**. Figure 2 indicates a landscape in the (a, 6)-plane (as usual, b controls the 
closeness to the quadratic family, see $!])). In the orientation preserving case, a** corresponds 
to the tangency between W U (P) and W S (Q). 

In view of the theorem, one might speculate that maps in {/ a : a e A} would retain some 
weak form of hyperbolicity, as a memory of the uniform hyperbolicity before the bifurcation. 
For the moment, we do not know if the uniform hyperbolicity is prevalent at a*. To our 
knowledge, the only presently known result on the prevalence of hyperbolicity in internal 
tangency bifurcations is due to Rios [2D], on arcs of surface diffeomorphisms destroying type 
3 horseshoes (horseshoes with three symbols |15j). 
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To prove the theorem, we build on and develop the machinery for the analysis of strongly 
dissipative Henon maps [51 El El 1121 121] • Excluding undesirable parameters inductively, we 
construct the parameter set A having full density point. We then investigate the 

dynamics of / G {f a - a G A}. 

A parameter exclusion argument in the spirit of Jakobson [TT| . Benedicks and Carleson 
[H [5J was first brought into the study of homoclinic bifurcations by Palis and Yoccoz [T8~l IT9] . 
As we mentioned in the beginning, the underlying basic set at the bifurcation is used in a 
crucial way there, and the same approach does not work in our context of internal tangency 
bifurcation. In order to prove that K£ has zero Lebesgue measure, we develop the volume 
control argument of Benedicks and Viana [B] . 

The rest of this paper consists of six sections and one appendix. In Section 2 we analyze 
one fixed map, collecting results from [SI El EE21 [21] and [21] as far as we need them. In Section 
3 we recall the procedure in [21] for finding suitable critical approximations, used as guides 
for orbits falling in critical regions. 

The parameter set A is constructed in Section 4. This part closely follows the previous 
construction of the parameter set in |21j . modulo the assertion that a* is a full density point 
of A. It is at this point where the characteristic of the first bifurcation is crucial. We show that 
the map f a * behaves as if it is a "two-dimensional Misiurewicz map" , in the sense that every 
critical approximation of it is non- recurrent. Then it is possible, as in the one-dimensional 
case [Hdl], to arrange the induction construction in such a way that less and less proportions 
of parameters in [a* — e, a*} are excluded as e — > +0, and the total fractions of A in the 
intervals get closer to one. Consequently, A must have Qj clS cl full density point. 

For the remaining three sections we consider the dynamics of one fixed map / G {f a '■ a G A}. 
In Section 5 we identify an well-organized geometric structure of the unstable manifold, close 
to the one identified by Wang and Young [24J. Using this structure, in Section 6 we analyze 
the dynamics on the unstable manifold. Combining a classical large deviation argument [5j [7] 
with a continuity argument from the first bifurcation, we prove that K + intersects the unstable 
manifold in a set with zero Lebesgue measure. In Section 7 we study the dynamics on K + . A 
careful adaptation of the volume control argument [6J together with the conclusion of Section 
6 shows that K + cannot have positive two-dimensional Lebesgue measure. 

2. Preliminaries 

In this section we analyze one fixed map /, collecting results from [5j El [121 121] and [21] as 
far as we need them. 

2.1. Henon-like families. We deal with a parameterized family (f a ) of diffeomorphisms on 
IR 2 such that / = f a has the form 

(1) f a : (x, y)^(l- ax 2 , 0) + b ■ $(a, b, x, y), 

where (a, b) is close to (2,0) and $ is bounded, continuous, C 4 in (a,x,y). 

Although / is globally defined on R 2 , it is possible to localize our consideration to a compact 
domain defined as follows. If / preserves orientation, let W u = W U (Q). Otherwise, let 
W u = W U (P). Let Ro denote the compact domain bounded by W u and W S (Q), as indicated 
in Figure 1 in the case a = a*. By a result of [8], points outside of Ro escape to infinity either 
by positive or negative iterations. Hence K C Rq holds. Let D = {(x,y) ^ R : x > \/2}. It 
can be read out from [8] that K + C D$ U Rq holds. By the obvious uniform hyperbolicity on 
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-Do, K + n -Do has zero Lebesgue measure. Therefore, for the proof of the theorem, it suffices 
to show that K + fl Rq has zero Lebesgue measure. To this end, the next lemma allows us to 
focus on the dynamics inside _Ro- 

Claim 2.1. K + n R = D„>o f~ nR o- 

Proof. Let z £ K + fl Ro. Suppose that z f~ n Ro holds for some n > 0. Let n denote 
the smallest integer with this property. Then f no+1 z £ Di, where Di is the set of points 
(x,y) which is at the left of Wf oc (Q) and \y\ < Vb. As D x D K + = ®, z K + holds, which 
is a contradiction. Consequently, K + fl -R C f]n>o f~ nR o holds. The reverse inclusion is 
obvious. □ 

To structure the dynamics inside Ro, we construct critical points and use them as guides. 
Unlike the attractor context [3 [121 121], the construction of critical points has to take into 
consideration possible leaks out of Ro under iteration, and unbounded derivatives at infinity is 
a bit problematic. To bypass this problem, we work with a new family (f a> b) which is obtained 
by modifying the quadratic map x — > 1 — ax 2 , and $ in ((Tj) so that the following holds: 

(Ml)/ = /on J R and/D 1 cD 1 ; 

(M2) if z £ i?o an d fz ^ -Ro, then for any n > 1 and a nonzero tangent vector v at f n z with 
slope(» < Vb, slope(Dfv) < Vb and \\Dfv\\ > 2\\v\\; 

(M3) there exists a constant C > such that < C and | det Df \ < C b on D^RoUfRo 

(1 < i < 4), where d l denotes any partial derivative in a, x, y of order i. 

2.2. Hyperbolic behavior. Constructive constants are a, M, 6, chosen in this order. The 
a, 5 are small, and M is a large integer. Having chosen all of them, we choose sufficiently 
small b. The letter C denotes any generic constants which depend only on (/ a ) restricted to 
[-2,2] 2 . 

From this point on, let us denote / by /. We start with basic properties of /. For 5 > 0, 
define 1(5) = {{x,y) £ -Ro: \x\ < 5}. The next lemma establishes a uniform hyperbolicity 
outside of 1(5). Not only for orbits staying inside -Ro, the hyperbolicity estimates hold for 
orbits which leak out of _Ro- 

Lemma 2.1. For any X £ (0,log2) and 5 > 0, the following holds for (a,b) close to (2,0). 
Let z £ Ro be such that z, fz,-- - ,f n ~ x z ^ 1(5), and let v be a tangent vector at z with 
slope (v) < Vb. Then: 

(a) s\ope(Df n v) < Vb and \\Df n v\\ > 5e x ° n \\v\\; 

(b) if, in addition, f n z £ 1(5), then \\Df n v || > e A(,n |H|. 

Proof. If z, fz, ■ ■ ■ , f n ~ 1 z £ R , then (a) (b) follow from the closeness of / to the top quadratic 
map. Otherwise, the orbit splits into the part z, fz, ■ ■ ■ , f k ~ 1 z (k < n) in Ro, and the rest 
out of -R . (b) is vacuous because of f n z i 1(5). We have s\ope(Df k v) < Vb and ||D>/ fc v\\ > 
<5e A ° fe ||i;||. Combining these with (M2) we obtain (a). □ 

2.3. Quadratic behavior. In the next lemma we assume 7 is a horizontal curve, that is, 
a C 2 -curve such that the slopes of its tangent directions are < 1/10 and the curvature is 
everywhere < 1/10. For z £ 7, let t(z) denote any unit vector tangent to 7 at z. In addition, 
we assume there exists ( £ 7 such that s\ope(Dft(()) > CVb. Let e denote any unit vector 
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tangent to at f(. Split Dft(z) = A(z) ( J ) + B(z)e. Let us agree that a ~ 6 indicates that 
C" 1 < a/6 < C holds for some C > 1. 

Lemma 2.2. ([21] Lemma 2.2.) For all z e ^ f) 1(5), \z - (\ » |A(z)| and < Cv^. 

Remark 2.1. This lemma implies the following, that is often used in what follows. A C 2 -curve 
of the form 

{(x(y),y) : \y\ < Vb, \x'(y)\ < CVb, \x"(y)\ < CVb}. 

is called a vertical curve. Any vertical curve near f( is tangent to /7 and the tangency is 
quadratic, or else it intersects f'j exactly at two points. 

2.4. Most contracting directions. Some versions of results in this section were obtained 
in [5J [12]. Our presentation follows |24j. Let M be a 2 x 2 matrix. Denote by e the unit vector 
(up to sign) such that ||Me|| < ||Mu|| holds for any unit vector u. We call e, when it exists, 
the most contracting direction of M. 

For a sequence of matrices Mi, M 2 • • • , we use to denote the matrix product Mj • • • M 2 M 1 , 
and ej to denote the mostly contracting direction of 

Hypothesis for Sect. 2. 2. The matrices Mi satisfy | detMj| < Cb and ||Mj|| < Co. 

Lemma 2.3. ([23] Lemma 2.1.) Let i > 2, and suppose that ||MW|| > and ||M^ _1 )|| > 
for some k > 6 1 / 10 . Then and ej_i are well-defined, and satisfy 

IWi x ei_i|| < I — 

Corollary 2.1. ([21] Corollary 2.1.) If \\M®\\ > K { for 1 < i < n, then: 

(a) ||e n -ei|| < 

(b) ||M«e n || < (J!)* holds forl<i<n. 

Next we consider for each i a parametrized family of matrices Mi(si, s 2 , S3) such that 
||9»detAf i (si,s 2 ,S3)|| < Co 6 > and s 2 , s 3 )| < for each < j < 3. Here, <9 J ' 

represents any one of the partial derivatives of order j with respect to s\, s 2 , or S3. 

Corollary 2.2. ([24J Corollary 2.2.) Suppose that ||M«(si, s 2) s 3 )|| > ft 1 ' for 1 < i < n. Then 

for j = 1,2,3 and 2 < % < n, 



(2) |^'(ei x ei_i)| < 



(3) W&iMVeJW < 



Cb 
Cb 

£+3 



i-1 



Let ei(z) denote the most contracting direction of Df(z) when it makes sense. From the 
form of our map (00), e\(z) is defined for all z ^ I(Vb). In view of [[12] pp. 21], we have 

(4) slope(ea) > C/Vb and ||dei|| < CVb. 

We say z is k- expanding up to time n, or simply expanding, if there exists a tangent vector 
v at z and k > 6 1 / 10 such that for every 1 < i < n, 

\\Dfv\\ > k 1 \\v\\. 
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With a slight abuse of language, we also say v is K-expanding up to time n. For n > 1, let 
e n (z) denote the most contracting direction of Df n (z) when it makes sense. From Corollaries 
1211 O and (HD we get 

Corollary 2.3. If z is K-expanding up to time n, then slope(e n ) > C/y/b and ||<9e n || < 

2.5. Long stable leaves. In the next lemma, a C 2 -distance dc* between two vertical curves 
is measured by regarding them as C 2 -functions on [— y/b, \/b]. 

Lemma 2.4. (cf.p2] Section 6.) Let k > 5 15 . If z is K-expanding up to time n, then for every 
1 < i < n, the maximal integral curve of through z contains a vertical curve, denoted by 
Ti(z). In addition, for every 1 < i < n, dc<2(Ti(z),Ti_i(z)) < (^r)* ■ 

By a long stable leaf of order i through z we mean the curve Ti(z) as in the statement. 

Remark 2.2. In the construction of long stable leaves, the relation between the lengths of 
leaves and the value of k is crucial [12]. In [6], long stable leaves of length ^ 1/5 are used. To 
this end, they require k > e~ 20 . For our purpose, long stable leaves of length m 2\/b suffices. 
Hence, k > 6 15 suffices. 

Lemma 2.5. (cf.[6j Proposition 2.4.) Let k > 5 15 . If z is K-expanding, then there exists a 
vertical curve T(z) through z such that: 

(a) ire - f n v\ < (v)™ for all £, rj G T(z) and n > 1; 

(b) if Z\,Z2 are K-expanding, then angle(tr(Ci)^r(^2)) < C\/b\£i — ^1, where tr(^i) denotes 
any unit vector tangent to T(zi) at i — 1,2. 

We call a long stable leaf through z the curve T(z) as in the statement, and a stable leaf any 
compact curve having some iterate contained in a long stable leaf. 

Let us record one consequence of Lemma [231 Let T(z\), T(z 2 ) be two long stable leaves 
and £1,771 G T(z\). Let £2, denote the points in r(z 2 ) whose y-coordinate coincides with 
that of £1 and 771 correspondingly. Gronwall's inequality gives 

(5) |ei-e 2 |<e c ^|7 7l - 77 2 |. 

2.6. Recovering expansion. Let 7 be a horizontal curve and n > M. We say ( G 7 is a 

critical approximation of order n on 7 if: 

(i) IIAWOII > 1/10 for l<i<n- 

(ii) e n (fC) is tangent to Dft((), where t(() is any unit vector tangent to 7 at (. 

Notation. For z G 1(5) and i > 1, let w^z) = Df^ifz) ( J). 

We now introduce three conditions, which are taken as inductive assumptions in the con- 
struction of the parameter set A. Let A := Ao/2, where Ao is the one in Lemma [27T1 A critical 
approximation ( of order n on 7 has a good critical behavior if: 

(Gl) |K(C)|| > e^ -1 ) for 1 < i < 20n; 

(G2) |K(C)II > e" 2Qi |K(C)|| for 1 < i < j < 20n; 

(G3) there exists a monotone increasing function x : [M, 20n] fl N O such that for each j G 
[M,20n], (1 - v^)j < X (j) < J and \\w x(j) (()\\ > S\\ Wi (C)\\ holds for < % < X (j). 

Hypothesis for the rest of Sect J2.6t ( is a critical approximation of order n on 7, with a 
good critical behavior. 
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For M < k < 20n - 1, let 



D k (() = e ■ min min 



i<i<fci<i<fc+i ||wi(C)|| 3 ' 

Represent the long stable leaf of order n through f( as a graph of a function T n (fX) = 
{(x n (y),y): \y\ < y/b}. Let 

V k = {{x, y):\x- x n {y)\ < D k {()/2, \y\ < Vb}. 

Take a monotone increasing function \ satisfying condition (G3). Let v denote any nonzero 
vector tangent to 7 at z. If fz G V k \ V k+ i, then we say v is in admissible position relative to 
(. Define a bound period p = p((, z) by 

P = X(k), 

and a fold period q = q((, z) by 

q = min [i G [l,p) ■ |C — A^ ' H^j+iCOII — 1 f° r ever Y * < 3 < p] > 

where 

^ « 2 log C 

It is easy to check that q is well-defined, by (Gl-3) and the assumption on z. If fz G VW-ij 
then we say t> is in critical position relative to (. 

Proposition 2.1. ([21] Proposition 2.2.) Let 7, C, z> w ^ e as above. 

(i) J/f is in admissible position relative to ( and fzEV k \ V k +i, then: 

3 3 

(a) log \( — z\ losC o < p < log |C — 

(b) g < C/3p; 

(c) \f( ~ PA < e~ 2ap forl<i< p; 

(d) |C-*II < \\Df q v\\ < IC-*MMI; 

(e) \\Df p v\\ > \\v\\ ■ |C - z\~ 1+T ^ > e%\\v\\; 

(f) \\Df p v\\ > (5/10)1)^/^11 for < i < p; 

(ii) If v is in critical position relative to (, then \\Df n v\\ < e~ 8Xn \\v\\. 

A proof of this proposition follows the line that is now well understood (5J [121 121] • We 
split Dfv into the direction of (J) and that of e n (fz), iterate them separately, and put them 
together at the expiration of the fold period. 

3. Existence of binding points 

To deal with returns to the region 1(6), we look for suitable critical approximations and use 
them as guides to keep further evolution in track. Such critical approximations, if exists, are 
called binding points. In this section we recall the procedure in [2T] for finding binding points. 



3.1. Creation of new critical approximations. By a C 2 (b)-curve we mean a C 2 -curve 
such that the slopes of all its tangent vectors are < a/6 and the curvature is everywhere < yb. 
The next two lemmas are used to create new critical approximations around the existing ones. 
For corresponding versions, see: [5] p. 113, Lemma 6.1; [32] Sect.7A, 7B; [21] Lemma 2.10, 
2.11. 
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Lemma 3.1. Let 7 be a C 2 (b)-curve in 1(5) parameterized by arc length and such that 7(0) 
is a critical approximation of order n. Suppose that: 

(i) 7(5) is defined for s G [— 

(ii) there exists m G [n/3,20n] such that ||-D/ l (/7(0))|| > 1 for 1 < % < m. 

There exists sq G [— 6* , b*\ such that 'y(so) is a critical approximation of order m on 7. 

Next we consider two C 2 (6)-curves 71, 72 in 1(5) parametrized by arc length, in a way that 
the x-coordinate of 71(0) coincides with that of 72(0). Let t a (s) denote any unit vector tangent 
to 7<r at 7 <T (s), a = 1,2. 

Lemma 3.2. Let 71, 72 be as above and suppose that: 

(i) 7i(s), 72(5) are defined for s G [— e^^ei], e < Cq~ 5 ; 

(ii) 7i(0) is a critical approximation of order n on ji and \\Df l (fji(0))\\ > 1 for 1 < i < n; 

(iii) |7i(0) -72(0)| <e n and angle^O), t 2 (0)) <e n . 

There exists sq G [-£2,52] such that 72(50) ^ s a critical approximation of order n on 72. 

3.2. Hyperbolic times. Let 

(7) 9 = a 3 , k = C 10 . 

Let v be a tangent vector at z and let m > 1. We say v is r -regular up to time m if for 
< i < m, 

\\Df m v\\ > r6\\Dfv\\. 

1 

We say fi G [0, m] is an m-hyperbolic time of v if Df^v is Kq -expanding up to time m — fi. 
Results related to the next lemma can be found in [[5] Lemma 6.6], [[12] Lemma 9.1], [ |24] 
Claim 5.1]. 

Lemma 3.3. ([21] Lemma 2.12; Abundance of well-distributed hyperbolic times) Let m > 

log(l/<5) and suppose that a tangent vector v at z is 1/100-regular up to time m. There exist 

s > 2 and a sequence [ii < // 2 < • ■ • < fj, s of m-hyperbolic times of v such that: 
1 

(a) WDf^v || is Kq -expanding up to time m — fij; 

(b) 1/16 < (m- ii j+ i)/{m - N ) < 1/4 for 1 < j < s - 1; 

(c) < fi\ < m/2 and m — log(l/5) < fi s < m — log(l/<5)/2. 

3.3. Nice critical approximations. Let ( be a critical approximation of order n on a hor- 
izontal curve 7. We say ( is nice if: 

(CI) |pr(.fC)||>lforl<i<n; 

(C2) f-% G [-2, 2] x l-Vb, y/b] for 1 < i < [On]] 

(C3) let u denote any unit vector at f^ 6n \ such that Df^u is tangent to 7. Then u is 

1 

-expanding and 1/100-regular, both up to time [On]. 

A nonzero vector v is in tangential position relative to ( if there exists a horizontal curve 
which is tangent to both v and Df^u. 

Let 

(8) N = lp%£ 
where the square bracket denotes the integer part. 
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Hypothesis for the rest of Sect. 3: m, n are integers with m > log(l/<5), n > N, and: 

• each nice critical approximation ( of order < n has a good critical behavior; 

• a tangent vector v at z is 1/10-regular up to time m, and f m z G I{S). 

3.4. Binding procedure. Under the above hypothesis, we describe how to choose a binding 
point relative to which Df m v is in tangential position. In view of Lemma 13. 3\ fix once and 
for all a sequence //i < /i 2 < • • • < /i s of m-hyperbolic times of v satisfying 

(9) m-nx<9n, - log(l/5) < m - a s < log(lM), —< m ~ for 1 < i < s. 

2 16 m — fMi 

Correspondingly, fix once and for all a sequence n > rii > ■ ■ ■ > n s > n s+ i > • • • > n So := M 
of integers such that 

(10) m — Hi = [Orii] for 1 < i < s, 

(11) n i+ i = rii — 1 for s < i < So- 

We construct a family of C 2 (6)-curves tangent to Df m v, arranged in such an organized way 
that Lemmas 13.11 and 13.21 may be used inductively. This produces a critical approximation on 
each of the C 2 (6)-curves. We choose one of them as a binding point. In this way we obtain 
the following statement. 

Lemma 3.4. ([21] Proposition 3.1.) There exist i e [l,s] and a critical approximation Q of 
order rii such that Df m v is in tangential position relative to Q. 

Sketch of the proof. One way to find such rii and Q are described as follows. Let U denote the 
straight segment of length n^ ni centered at f^z and tangent to Df^v. Then 7« := f^U is a 
C 2 (6)-curve extending to both sides around f m z to length > n^ ni . Lemma [3.11 Lemma [3.21 
and the hypothesis of / allow us to show the following: if Df m v is in critical position relative 
to a critical approximation of order on 7 i; then there exists a critical approximation of 
order Ui_i on relative to which Df m v is in tangential position. A recursive use of this 
argument yields the conclusion. □ 

Definition 3.1. Let zo € [1, s] denote the largest integer such that there exists a critical 
approximation of order ni relative to which Df m v is in tangential position. We call any such 
critical approximation a binding point for Df m v. 

Let ( denote any binding point for Df m v. By the definitions in Sect J2.61 there are two 
mutually exclusive cases: 

(a) i$ = 1, and f m z is in critical position relative to £; 

(b) Df m v is in admissible position relative to (. 

In case (a), the contraction estimate in (ii) Proposition 12.11 is in place. In case (b), all the 
estimates in (i) Proposition 12 . II are in place: the loss of expansion and regularity suffered from 
the return are recovered at the end of the bound period. 

In case (b), one can repeat the binding procedure in the following manner. Write m = mi. 
Let pi denote the bound period. (e,f) Proposition 12.11 implies that v is 1/10-regular up to 
time mi + pi. Let m<i > mi + pi denote the smallest such that f m2 z e !{$)■ By Lemma \2.1\ 
v is 1/10-regular up to time m 2 . Subsequently one may repeat the binding procedure once 
again, replacing m — > m2, f m z — > f m2 z, Df m v — > Df m2 v. 



PREVALENT DYNAMICS AT THE FIRST BIFURCATION OF HENON-LIKE FAMILIES 11 

In this way, one can (if (a) does not occur) define integers 

mi < mi + pi < ni2 < vri2 + P2 < WI3 < • • • 

inductively as follows: for k > 1, let pk be the bound period of f mk z, and let m^+i be the 
smallest j > +Pk such that pz G 1(6). (Note that an orbit may return to 1(6) during its 
bound periods, i.e. (m^) are not the only return times to 1(6).) This decomposes the orbit 
of z into segments corresponding to time intervals (rrik,mk +Pk) and [m^ + Pk, m k+i], during 
which we describe the orbit of z as being "bound" and "free" states respectively; rrik are called 
times of free returns. 

Remark 3.1. Let us consider the case where the above hypothesis is satisfied for every 
n > N. Then, the binding procedure allows us to keep in track the evolution of any complete 
orbit in W u , decomposing it into bound and free segments. However, this procedure is not 
well-adapted to our phase-space construction in later sections, because: 

• the choice of binding points relies only on the individual orbit under consideration and 
neglects a global information on W u ; 

• Critical approximations eligible as binding points are not unique. 

These issues will be resolved in Section 5, for parameters in A constructed in the next 
section. 

4. Parameter exclusion 

In this section we construct the parameter set A in the theorem, having a* as a full density 
point. The construction is done by induction: A = f\>o where A n is constructed at step 
n, excluding from A„_i all those undesirable parameters for which some critical approximation 
may not have good critical behavior up to time 20m 

4.1. Critical approximations of f a * are non-recurrent. The construction of A and a 
measure estimate of it closely follow [2TJ, in which a positive measure set of parameters was 
constructed corresponding to Henon-like maps with nonuniformly hyperbolic behavior. One 
key difference from [21] is the assertion that a* is a full density point of A. A key ingredient 
for this is the next proposition, which states that the orbit of every critical approximation of 
f a * is non- recurrent. 

Proposition 4.1. For every critical approximation Q of f a * of order n, G {(x,y) G 

IR 2 : \x\ > 9/10} holds for every 1 < i < 20n. 

We postpone a proof of this proposition to Sect J4. 12] 

4.2. Definition of parameter sets. Choose sufficiently small Eq and b so that for any / G 
{f a : a G [a* — eo, a*}}, any critical approximation ( of / and 1 < i < 20N, f % ( G {(x,y) G 
1R 2 : \x\ > 9/10}. This requirement is feasible by the fact that any critical approximation is 
contained in I(Vb). Set A n = [a* — e , a*] for 1 < n < N. 

Let n > N, a G A n _i and suppose that every nice critical approximation of f a of order < n 
has a good critical behavior. Let 20 (n — 1) < m < 20m We say a nice critical approximation 
C of f a of order > n satisfies (G) m if: 

(i) there is an well-defined decomposition of the orbit wi((), W2((), • • • , w m (() into bound and 
free segments, as described at the end of Sect J3.4( 
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(11) let Hi — 1 < n 2 — 1 < • • • < n s — 1 < m — 1 denote all the free return times of f(, with 
Z\, ■ ■ ■ ,z s the corresponding binding points. They are of order < n and 

s 

(12) J2 l °s\f ni c- z i\>- am - 

i=l 

For n > N, define A n to be the set of all a £ A n _! for which every nice critical approximation 
of order > n satisfies (G^on-i- In other words, 

a £ A n _i : (G)m fails for some 20(n — 1) < m < 20n 1 
and some nice critical approximation of order > n of f a J ' 

Remark 4.1. Let ( be a critical approximation. If n — 1 is a free return time of Wi((), then 
for simplicity, let us call n a free return time of (. This terminology is in a slight disagreement 
with that introduced at the end of Sect J3.4[ 

The next proposition indicates that, for parameters in A n , critical approximations of order 
n can be used as binding points, and thus allows us to proceed to the definition of A n+ i. 

Proposition 4.2. Let n > N , a £ A n and let ( be a nice critical approximation of order > n 
of f a . Then: 

(a) IMC) II > e A(i " 1} for 1 < i < 20n; 

(b) |K(C)|| > e- 2m |MC)|| for 1 < i < j < 20n; 

(c) if ( is of order n, then it has a good critical behavior. 

Proof. The proof is almost identical to that of [[21] Proposition 5.1]. Here we suppose ( is of 
order n, and just give a sketch of how to define the function x m (G3). For details, see [2T] . 

Let j £ [M, 20n] and ho := j. Define a finite sequence hi > ■ ■ ■ > h t ^ of free return times 
of C inductively as follows. Let hk + i denote the largest free return time before h^, when it 
makes sense. Let Pk+i denote the corresponding bound period. If 

(13) h k - h k+1 - Pk+1 < (1/A ) log(105), 

then let h^+i = hk+i- In all other cases, h k +i is undefined, namely k = t(j). Define x(j) = 
h t (j). Obviously, xU) — 3 holds. If (1 — y/a)j < x(j) did not hold, (TlBl would imply that 
the total number of bound iterates in the interval [(1 — j] were bigger than a constant 

multiple of \/aj. While by condition (G), the total number of bound states in the interval 
is smaller than a constant multiple of aj. If a is small, then these two estimates are not 
compatible. □ 

To estimate the measure of A ra _x \ A n , we first decompose it into a finite number of subsets, 
based on certain combinatorics on itineraries of critical approximations. We then estimate the 
measure of each subset separately, and unify them at the end. In the next two subsections we 
introduce two integral components of the combinatorics. 

4.3. Deep returns. Let / £ {f a : a £ A n _i \ A n }. Let ( be a nice critical approximation of 
/ of order > n. Let v < 20n be a free return time of with the binding point z. If v is not 
the first return time to I{S), then let ni < • • • < rit denote all the free return times of ( before 
v. For 1 < s < t, let z s denote the corresponding binding point and p s the bound period. 



A n _! \ A n 
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Write n t+ i = v and z t+ i = z. We say v is a deep return time, if it is the first return time to 
I{S), or else for 1 < s < t, 

t+i 

(14) 21og|/^C-^il <log|/^C-«-l- 

3=8+1 



For each n,, let 



15 
9 



IK S (C)II ' 

For each i e[l,v)\ Ui< s <tK,^ +p 8 -l], let 

„ / a\ lK+i(C)ll 



Define 

e„(0 = «o 

_i=i 

It is understood that the sum runs over all % such that f l ( is free. 

Lemma 4.1. ( |21| Lemma 5.2.) For the above f,£,u,z, if v is a deep return time of C, then 

IM0llie»(0l>l/"C-*l'- 

4.4. Position of nice critical approximations. For each jj, > OM > 1, fix a subdivision 
of R x {v^} into right-open horizontals of equal length Kq. We label all of them intersecting 
H := [—2, 2] x {v^} with I = 1, 2, 3, • • • , from the left to the right. By a fi-address of a point 
x on H we mean the integer I which is a label of the horizontal containing x. 

In general, let ( be a nice critical approximation of order n. The long stable leaf through 
f~^C °f order [On] intersects H exactly at one point. Let A(£) denote the [#?r.]-address of 
the point of the intersection. 

Let C be a nice critical approximation of order n > N on a horizontal curve 7. By definition, 
there exists a tangent vector u at f~$ n ^ for which (C3) in Sect J3.3I holds. Let ft be any [9n\- 
hyperbolic time of u. We call /1 a hyperbolic time of C- The long stable leaf through f^^- 9n ^ 
of order [6*n] — \i intersects H exactly at one point. Let A((,fi) denote the ([9n] — /i)-address 
of the point of the intersection. 

4.5. Decomposition of the exclude parameter set at step n. Fix positive integers 
m G [20 {n — 1), 20n), s, t, R. Fix the following combinatorics: 

• sequences (/ii, ■ • • , /!<,), (xi, ■ ■ • , x s ) of s positive integers; 

• sequences (v u ■ ■ ■ ,v t ), (ni, • • • , n f ), (r 1; • • • , r t ), (y u ■ ■ ■ , y t ) of t positive integers. 

Let E n (*) = E n (m, s,t,R,---) denote the set of all a e A n _i \ A n for which there exists a 
nice critical approximation ^ of f a — f of order n' > n such that the following holds: 

(Zl) (G) m _i holds, and (G) m fails; 

(Z2) z^i < • • • < p t — m are all the deep return times in the first m iterates of £, with Zi, • ■ ■ ,z t 
the corresponding binding points; 

(Z3) for each k £ the order of z^ is < n. If < m, then \ f Uk C, — z^\ £ [e~ rfc , e~ rk+1 ). 
If i/fc = m, which means k = t and i/ t = m, then r t is defined as follows. If \f m ( — z t \ > e~ am , 
then r t is such that \ f m ( — Zt\ £ [e~ rt , e~ rt+1 ) holds. Otherwise, r t = am; 
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(Z4) fix < ■ ■ ■ < fi s is a minimal sequence of hyperbolic times of ( satisfying 




< - for 1 < i < s. 



(Z5) Xi = A(C,iii)] 
(Z6) y k = A(z k ). 



If a £ E n (*), then any nice critical approximation of f a of order > n for which (Zl-6) hold 
is called responsible for a. The parameter set E n (*) is called an n-class. By definition, any 
parameter excluded from A n _i belongs to some n-class. We estimate the measure of A n _i\A n 
by estimating a contribution from each n-class first, and then counting the total number of 
n-classes. 

4.6. Digestive remarks on the combinatorics. Let us remark on the meanings of the 
conditions in the definition of E n (*). (Z1,Z2,Z3) are conditions on the forward orbits of 
responsible critical approximations. (Z2) indicates that we do exclusions of parameters only 
at deep return times. (Z4,Z5) are conditions on the backward orbits of responsible critical 
approximations. (Z4) indicates that only the backward orbit segments of length comparable 
to 9n are taken into consideration. (Z6) is a condition on binding points at each deep return 
time. (Z4,Z5,Z6) are used to deal with the following two problems intrinsic to two-dimension. 

• Infinitely many responsible critical approximations. The first problem is that critical ap- 
proximations responsible for a single parameter are far from unique, and even infinite. All of 
them have to be taken into consideration in the measure estimate of E n (*). (Z4, Z5) are used 
to deal with this problem. They allow us to reduce our consideration to a finite number of 
parameter-dependent orbits, called deformations, introduced in Sect J4.81 

• Infinitely many binding points. Nice critical approximations eligible as binding points are 
far from unique, due to the very definition of binding points in Sect J3.4l (Z6) allows us to 
deal with this problem, with the help of deformations as well. 

4.7. Full Lebesgue density at the first bifurcation parameter. We conclude that A 
has a* as a full Lebesgue density point. Let | • | denote the one- dimensional Lebesgue measure. 
For a compact interval / centered at x and r > 0, let r • I denote the interval of length r\I\ 
centered at x. The main step is a proof of the next 

Proposition 4.3. (Covering by intervals) Letm £ [20(n — 1), 20n), s, t, R be positive integers. 
For any n-class E n (m, s,t,R,--- , ) = E n {*), for any e £ (0, e Q ), k £ [1, t], there exist a finite 
number of pairwise disjoint intervals {Jk,i}i with the following properties: 



This sort of covering originates in the works Tsujii [221123], and has been used in [21] for the 
construction of positive measure set of parameters corresponding to maps with nonuniformly 
hyperbolic behavior. For our purpose we need to develop it further. 



(a) E n {*) H [a* - e, a*} C (J* e~ r ^ 3 ■ J kji ; 

(b) ift > 1, then for each k £ [2, t] and J^i there exists Jk-i 

(c) EJ^I<3e. 



such that J kji C 2e~ rfc - 1 / 3 - J, 



k-l,j> 
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Jk-lj 



i — c-H I-; — 11—3 — 1 

2e- r *-^ 3 ■ J fc _ XJ " ^ 

Jk,i 

Figure 3. Organization of J^- intervals 

Proposition 14. 31 gives | D [a* — e, a*]\ < 3ee~z R , where R = r± + r 2 ■■■ + r t . To conclude, 
we need to count the number of all feasible n-classes. The counting argument in [21] shows 

fi(( t i 1 ,x 1 ),--- ,(^ s ,x s ))<C- en 

and 

Ufa, • • • , utMn, ■ ■ ■ ,r t Mm, ■ ■ ■ ,n t n(y u ■ ■ ■ ,y t ) < e^n+CSa^R^ 

where t(8) — > as 5 — > 0. [[2TJ Lemma 5.3] gives r± + • • • + r t > am/2. Taking contributions 
from all n-classes into consideration, 

I (A n _i \ A n ) n [a* - e,a*}\ <e^2 \E n {*) n[a* - e,a*]\ 

m,s,t R>am/2 rjH \-r t =R 



< ee^ YJ exp (_|) 



< ee 



-an/8 



R>an 

Let 

(16) n (e) = -J— log (-) . 

21ogC V K o/ 

The next lemma indicates that no parameter is deleted from [a* — e, a*] at least up to step 
[n (e)/20], namely [a* — e,a*] C A n holds for every < n < [no(e)/20]. 

Lemma 4.2. Let Oq G [a* — e,a*}, and let Co be a nice critical approximation of f ao of order 
£. Then f" Co 4- holds for every 1 < n < min (no(e), 20£). 

Therefore 



I A n [a* - e, a*} \ = \ A n [a* - e, a*} | - I (Vi \ A „,) H [a* - e, 



n=l 

= e- l(A n -i\A n )n[a*- £ ,a*]| >e I 1- £ e"™ 

n>[n (e)/20] \ n>[n (e)/20] 

Since no(£) — >• 00 as e — > 0, we obtain lim^o £ _1 |A fl [a* — e,a*} \ = 1 as desired. □ 
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4.8. Parameter dependence of nice critical approximations. The rest of this section 
is entirely devoted to the proof of Proposition 14.31 and Lemma 14.21 A key ingredient is a 
deformation of a quasi critical approximation, developed in [J2JJ Section 4,5] for dealing with 
the parameter dependence of nice critical approximations. 

We begin by relaxing the definition of nice critical approximations as follows. Let ( be a 

critical approximation of order n on a horizontal curve 7. Let u denote any unit vector at 

f~^C suc h that Df^u is tangent to 7. We say ( is a quasi critical approximation of order 
1 

n on 7 if u is Kq -expanding up to time [On]. 

Hypothesis for the rest of Sect J4.8t Let a G [a* — So,a*]. Write / for f a . Let 7 be a 

C 2 (o)-curve in 1(5). Let ( be a quasi critical approximation of order n on 7, with u the same 
meaning as above. Assume: 

•Pf(/C)ll>lforl<*<n; 

1 

• u is k,q -expanding and 5/160-regular, both up to time [On]. 

Let r denote the point of intersection between H and the long stable leaf of order [On] 
through £. Let I C H denote the horizontal of length 2^ n centered at r. By [[21] Lemma 
4.1], fl I is a C 2 (o)-curve, and there exists a quasi critical approximation of order n on it, 
denoted by £(a) for which |£ — £(a)| < (Co)^r holds. In addition, this picture persists, for a 
small variation of parameters within the interval 

(17) I n {a) = [a-K%,a + K%]. 

By [[21] Lemma 4.2], for all a G I n {a), f a en] l is a C 2 (6)-curve. By [[21] Proposition 4.1], there 
exists a quasi critical approximation of order n of f a on it, which we denote by ((a). 

Definition 4.1. The map a G I n (a) — > ((a) is called a deformation of (. 

The next lemma states that the "speed" of the deformation as a sweeps I n (a) is uniformly 
bounded. We use " • " to denote the differentiation with respect to a. 

Lemma 4.3. ([21] Proposition 4.2.) The deformation a G I n {o) C( a ) °f C ^ s C 3 and for 
all a G I n (a), max (||C(a)||, ||C(o)||) < k 1 ^ 5 . 

4.9. Evolution of critical curves. In the next proposition we assume a G A n _i, < v < 
20n and ( is a nice critical approximation of fa of order > n, for which (G%_i holds and f~( 
is free. Define 

J u (a,C) = [a-e u (C),a + e u (C)]. 

Proposition 4.4. [[21] Section 5] There exist an integer m and a quasi critical approximation 
( of order m of f a such that: 

(i) \fK-fK\<{Cb) ¥v ; 

(ii) for the deformation a G I m (a) —> ((a) of (, write fa((a) = ( u (a). Then: 

(a) J v {C,a) C I m (a): 

(b) the set {( u (a): a G J„(aX)} i> s a horizontal curve; 

(c) ||C„(a) ~ 11^(0 II \a-b\ < 1 for all a,b G J„(o,0- 
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4.10. Proof of Proposition [4731 We choose each so that it has the form a = J Vk {akA, 0w)> 
where a^j G E n {*) fl [a* — e, a*} and £fc,i is some responsible critical approximation of f aki . In 
what follows we describe how to choose (a^j, (k,i)i- 

The first level. Start with k = 1. We describe how to choose (a^j, Ci,i)» sucn that ( a ) holds 
with fc = 1. First, choose arbitrary a^i G E n (*) fl [a* — e, a*]. Let denote any responsible 
critical approximation of f ai l . We show 

(18) E n (*)n(J 1 , 1 \e- ri / 3 J lil ) = 0. 

If Ji i covers E n (*), then the desired inclusion follows. Otherwise, choose ai j2 G -E n (*) — Ji,i- 
We claim that 

(19) Ja,i n Ji, 2 = 0. 

If Ji^ fl Ji j2 covers E n (*), then the desired inclusion follows. Otherwise, choose ai j3 G E n (*) — 
Ji i U Ji 2- Repeat this. As the length of these intervals are uniformly bounded from below, 
there must come a point when the inclusion is fulfilled. 

Below we sketch the proofs of ([TBI and ffl9]) . To ease notation, write a, := a^, Q : = 
and J, = Jxa, i = 1,2. 

Sketch of the proof of l[T8\) . Choose an integer m, a quasi critical approximation ( of f ai of 
order m, and its deformation a G I m (ai) — > ((a) for which the conclusions of Proposition 14.41 
hold up to time v\. In fact, (Z4), (Z5) allow us to choose such a deformation so that the 
following holds: 

•i/: 1 i Ci-/: 1 i cK)i<e-'- 1 ; 

• if a G Jifl£' n (*) and x is any responsible critical approximation of f a , then \f^x— /^CC )! ^ 
e" ri . 

The second item states that, although responsible critical approximations for a single parame- 
ter a are not unique, all of their positions at time v\ are well-approximated by that of /^^(a). 

Now, let z\ denote the binding point of order ri\ for f^Ki an d ^ a e ^m( a i) — ► 2i(a) 
denote its deformation. (Z6) allows us to show that this deformation satisfies: 

• \z 1 - z x {ax)\ < e~ ri ; 

• if a G Ji fl -E n (*) and x is any responsible critical approximation of f a , with w a binding 
point for f^x, then \y — z\{a)\ <C e~ ri . 

The second item states that, although binding points are not unique, they are well approxi- 
mated by z\(a). 

These four conditions altogether imply (jl"8l . To see this, suppose that this is not the case 
and let a G Ji,i \ e~ ri//3 • J^i, a G E n {*). Let x denote any critical approximation responsible 
for a. Let y denote any binding point for f^x. The triangle inequality gives 

- yi > i/rcoo - cc(«i)i - i/rc(a) - - i/-ck) - 

- 1/aiCi - zi| - |*i - zi(o)| - |*i(a) -y|, 

where, for the last term, ^i(a) makes sense, because of J\ C J ni (ai). On the first term, 
Proposition 14.41 and Lemma 14.11 give 

ICC( fl i) - /rC(o)l « IK(Ci)ll ■ |oi - a| » e" ri - 
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The remaining four terms are < e ri . It follows that \j^ x ~ v\ ^ e ri - This yields a 
contradiction to the assumption that x is responsible for a. Hence a ^ E n (*) holds and we 
get JED. 

Sketch of the proof of [W\l . In the discussions to follow, we need to introduce critical param- 
eters [21]. For the purpose of this we make the following assumption and observation. Let 
a G E n (*) and let ( denote any critical approximation responsible for a. Let z denote any 
binding point for f£ k (, and let a G I nk {o) — > z(a) denote its deformation. Take an integer 
m, a quasi critical approximation ( of fa of order m, and its deformation a G I m (a) — > £(a) 
for which the conclusions of Proposition 14.41 hold up to time Vk- The "speed" of z(a) as a 
sweeps the interval I nk (a) is bounded from above by in Lemma 14.31 On the other hand, the 
"speed" of C, Uk {a) as a sweeps the interval J Uk (aX) is much faster, by Proposition 14.41 From 
the proposition, J Uk (a,Q C I nk (a) holds. Hence, the comparison of the speeds and Lemma 
14.11 together imply that there exists a unique parameter Co G e~ Tk ^ 3 ■ J Uk (a,() such that the 
x-coordinate of C^( c o) coincides with that of z(cq). 

Definition 4.2. The Co is called a critical parameter in J Ul (d,Q. 

A proof of (TT9T) is outlined as follows. Let c ,c' denote the critical parameters in J ljl( J 12 
respectively. Suppose that (fUl does not hold. Then, from a distortion argument, \Jia \ ~ \ J\,i\ 
follows. As a 12 4- "A,i> this implies c ^ c' . In addition, it is possible to extend the domain 
of definition of the deformation of to the larger interval Ju U J12, so that all the above 
properties of the deformation continue to hold. As ^ the argument used in the proof 
of f|T8|) gives 01,2 4- E n (*)- This is a contradiction. Hence ffT9l) holds. 

From level k—1 to k. Having chosen (a^-i^, Cfc— an d the corresponding intervals {Jk-i,i)i, we 
choose (cifcj, Cfcj)j as follows. For each Jk-i,i, in the same way as the proof of ffTS]) it is possible 
to choose a finite number of parameters a fc l , a^, • • • in E n {*) fl [a* — e, a*] fl e~ rfe - 1//3 • Jfe-i^ 
such that the corresponding intervals Jk,i, Jk,2, ■ • • are pairwise disjoint and altogether cover 
E n (*) ne~ rk ~ 1 / 3 ■ Jk-i,i- Now the issue is to show the inclusion (J . Jkj C 2e~ rfc - 1//3 • Jk-i,i- This 
is a consequence of the fact that the center akj of each Jkj belongs to e~ Tk - 1 ^ 3 ■ Jk-i,i, and 
any Jkj does not contain the critical parameter in Jk-i,i- D 

Lemma 4.4. For every i, Q ul (Ci,i) ^ 2e. 

As the intervals (Ji,i)j are pairwise disjoint and intersect [a* — e, a*), Lemma |4~41 gives 
I^mI — This proves (c). 

It is left to prove Lemma l4~4l We use the following which can be proved by slightly extending 
the arguments in Sect J4.ll and using the definition of quasi critical approximations. 

Claim 4.1. Let ( be a quasi critical approximation of order n of f a * . There exists a critical 
point z of f a * such that \Q — z\ < (Cb)z 6n . 



Proof of Lemma ^4 Take an integer m, a quasi critical approximation £ of f ai . of order m, 
and its deformation a G Imiuij) ~~ >" C{ a ) f° r which the conclusions of Proposition 14.41 hold up 
to time V\. If \Ji,i\ > 2e, then a* G holds, because of a±,i G [a* — e, a*]. Then C( a *) makes 
sense and we have l/^.Ci.i - < I/^Cm ~ (vi( a i,i)\ + - CuA a *)\ < 1 - As v i is 

a return time, /^ Ci.j ^(^) holds. It follows that is ne ar 1(5). On the other hand, 
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Proposition 14.11 and Claim |4~T1 together imply C^i( a *) {{ x iU)'- \ x \ — 4/5}. A contradiction 
arises. □ 

4.11. Proof of Lemma 14.21 We argue by induction on n. Let 1 < k < min (n (e), 20£) 
and assume fa (o ^ for 1 < i < k — 1. Then /„ Co is free. Take an integer m, a quasi 
critical approximation ( of f ao of order m, and its deformation a G I m (a) — > C( a ) f° r which 
the conclusions of Proposition 14.41 hold up to time k. The definition of Jk(a , Co) and (IT61) give 

I ■/*(<*>, Co) | > KoC^ 2 * > 2e. 
As ao G [a* — s, a*], a* G Jfc(ao,Co) holds. Hence, C( a *) makes sense and we have |/q Co _ 
Cfc(o*)l < 1/iCo - C*(oo)l + |C*(ao) - Cfc(o*)l < 1- PropositionO and Claim Ogive C fe (a*) £ 
{(x, y) : \x\ < 4/5}. Hence /„ Co ^ ^(^) holds, recovering the assumption of the induction. □ 

4.12. Proof of Proposition 14.11 Write / for f a *. Let r denote the point of the quadratic 
tangency near (0,0). Let S denote the lenticular compact domain in 1(5) bounded by the 
segment in W u and the parabola in W S (Q) containing r (cf. Figure 1). By (Ml), all points in 
fS do not return to R under positive iteration, and thus they are expanding. By Proposition 
12. 3\ fS is foliated by long stable leaves. Note that the leaf through fr contains the boundary 
of #0- 

Temporarily, let us adopt the following definition. Let 7 be a C 2 (6)-curve in W U (Q) stretch- 
ing across 1(5). We say ( G 7 is a critical point on 7 if z G S, and the long stable leaf through 
fz is tangent to W U (Q) at fz. For the proof of Proposition 14.11 we approximate any critical 
approximation by a critical point. Since the orbit of every critical point do not return to Ro, 
the conclusion of the proposition follows. 

Lemma 4.5. Let 7 be a C 2 (b)-curve in W U (Q) stretching across 1(5). There exists a unique 
critical point on 7. In addition, for every n > M there exists a critical approximation of order 
n on 7 within the distance (Cb)~* from the critical point. 

Proof. By Remark |2.1[ any long stable leaf at the right of T(fr) intersects /7 at two points, or 
else it is tangent to /7 and the point of tangency is quadratic. There exists only one leaf for 
which the latter holds, for otherwise two distinct leaves intersect each other, a contradiction 
to the remark below Lemma 12.51 The pull-back of the point of tangency is a critical point on 
7, denoted by (. Hence, the first statement holds. 

Take z G 7 with \( — z\ = 6* , and write fz = (xo, yo). Represent the two long stable leaves 
as graphs of functions on [— yb, yb]\ T n (z) = {(x(y),y)} and T n (f() = {(x(y),y)}. Since the 
Hausdorff distance between T n (f() and T(f() is < (Cb) n , Lemma I2~2l gives \x(yo) — x{yo)\ = 
\xo—x(yo)\ ~ b% . Since e n is Lipschitz, it follows that \x(y)—x(y) \ ~ C6§ for all y G [—Vb, Vb]. 
Hence / _1 r n (/z) intersects 7 at two points within (Cb)~i from (. This and Remark 12.11 
together imply the second statement. □ 

Let Co denote the critical point which is closest to Q in the Riemannian distance in W U (Q). 
Let G denote the segment in W U (Q) with endpoints Q, /Co- A proof of the next lemma is 
given in Appendix A.l. 

Lemma 4.6. For every n > 0, any component of f n G fl 1(5) is a C 2 (b)-curve. 

We are in position to finish the proof Proposition 14.11 If |/~^ n 'C ~ f r \ — 1/10, then let 
m = [6n] — 1. Otherwise, let m = [9n\. Then f~ m ( is expanding. Let z denote the point of 
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intersection between the long stable leaf of order m through f~ m ( and G. It is possible to 
take a curve 7 in G extending both sides around z to length b~ . For otherwise the contraction 
along the long stable leaf gives f m Q G 1(5), a contradiction because Q is a fixed point and 
Q ^ 1(5). By the definition of m, 7 avoids the turn near f( , and hence is C 2 (b). Then f m ^ is 
a C 2 (6)-curve extending both sides around f m z to length > b~^ . By Lemma |3~2| there exists a 
critical approximation z of order n on f m ^ such that \( — z\ < (Cb)^ holds. By Lemma H~5b nd 
Lemma EL~6| there exist a C 2 (6)-curve 7' in W u containing f m, j and stretching across 1(5), and 
a critical point C" on 7' such that \z - ("\ < (Cb) e ~f . It follows that \f% ~ fC"\ < (Cb)^ for 
1 < i < 20n. As the orbit of £" is out of i?o, the claim holds. □ 

Standing hypothesis for the rest of the paper: / G {f a : a G A fl (a**, a*]}. Here, a** is 
the one defined in Introduction. 

5. Dynamics on the unstable manifold 

In this section we develop a one- dimensional analysis on the unstable manifold W u . In 
Sect 15. 1[ we define a critical set C in W u , as a set of accumulation points of critical approxi- 
mations, and use it as a spine to structure the dynamics. Each element of C is called a critical 
point. In Sect 15. 2[ 15.31 we prove some key estimates on critical points. In Sect J5.4I we identify 
a geometric structure of W u near the critical set. 

Notation. For z G W u , let t(z) denote any unit vector tangent to the unstable manifold at z. 
The boundaries of R in W u is called unstable sides, and denoted by dR . Let dR n := f n (dRo). 

5.1. The critical set. In the case W u = W U (Q), fix a fundamental domain T in W£ C (Q). 
For z G T , define a sequence n\ < n± + p\ < n 2 < n 2 + P2 < ^3 < • • • inductively as follows: 
ni is the smallest such that f ni z G 1(5) and p\ is the bound period of f ni z; n k > n k _i + p k _i 
is the smallest such that f Uk z G 1(5), and p k is the bound period of f Uk z. From the fact that 
Q is a fixed saddle, it follows that this sequence is defined indefinitely, or else there exists 
an integer m such that Df m t(z) is in critical position relative to critical approximations of 
arbitrarily high order. If the latter case occurs, we let f m z G C. Since each such point is 
isolated in W u , C is a countable set. In the case W u = W U (P), C is constructed in the same 
way, with Q replaced by P. 

Proposition 5.1. For each ( e C we have: 

(a) |K(C)II > e A(n ~ 1} forn> 1; 

(b) IMOII >e- 2m |MC)|| for l<i<j; 

(c) there exists a monotone increasing function \ : N O such that for each n, (1 — y/a)n < 
X(n) < n and ||w x(n) (C)|| > <y||iw fc (C)|| for 1 < k < x(n); 

(d) the long stable leaf through f( is tangent to W u at f( and the tangency is quadratic. 

Proof. By definition, for each ( G C there exists a strictly increasing sequence mi < m 2 < ■ ■ • 
of integers and a sequence ( mi , ( m2 , ■ ■ • of critical approximations with good critical behavior, 
such that ( me is of order rri£, and ( me &s £ ^ 00. (a) (b) (c) are direct consequences 
of this convergence. By the definition of C and (ii) in Proposition I2.1[ t(Q is contracted 
exponentially by positive iterations. Thus t(f() is tangent to r(/£). By Remark 12.11 this 
tangency is quadratic, and (d) holds. □ 
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Figure 4. The relation between C^ k ^ and C^ k \ The shaded regions are com- 
ponents of C^ k \ 

5.2. Recovering expansion. In this and the next subsection we assume that £ G C is on 
a horizontal curve 7 in 1(5), namely, T(f() is tangent to f'y at /£. We state a version of 
Proposition 12 . 1 1 which is proved similarly. The difference is that ( is no longer an approximation 
and a "genuine" critical point, and thus the estimates are available entirely on 7. 

As before, write T(f() = {(x(y), y) : \y\ < Vb} } and for each k > M, let V k = {(x, y): \x — 
x(y)\ < D k (Q/2, \y\ < Vb}. If fz&V k \ Vk+i, define a bound period p = p((, z) by 



Proposition 5.2. Let z G 7\{C} an d lett(z) denote any unit vector tangent to 7 at z. Then: 



(a) p < log |C - z\ a; 

(b) q < Cfo; 

(c) If C - PA < e' 2ap forl<i<p- 

(d) |C-*| < \\DfH(z)\\ < \(-z\^; 

(e) \\Df p t(z)\\ > |C - z\~ 1+ ^ > e^; 

(f) \\DfH(z)\\ > (5/10)\\Dft(z)\\ forO<t< P] 

(g) \\DfH(z)\\ » |C - *||K(C)|| forq<i< p; 

(h) ||£>/*t(z)|| < 1 /or 1 < i < g. 



5.3. Critical partitions. Using the family 01 vertical strips, we construct a critical 

partition of 7 as follows. By Remark I2TTI 7 fl / -1 (Vfc \ V^+i) consists of two components, one 
at the right ( and the other at the left. For simplicity, let us denote both by j k . If fj k 
does not intersect the vertical boundary of V k , then we take 7^ together with the adjacent 
7fc+i. We cut each 7^ into [e 3ctfc ]-number of curves of equal length, and denote them by 7fc )S 



P = X(k), 



and a fold period q = q((, z) by 

q = min [i G [l,p) ■ |C 



zf ■ ||tw i+ i(C)|| >1 fori<j<p}. 



(s = l,2,---). 



A proof of the next lemma is given in Appendix A. 2. 



Lemma 5.1. For each ^y k:S we have: 

(a) f x ^ k ^k,s is a C 2 (b) -curve of length > e~ 

(b) For all £,77 G "f k ,s, 




Ca 
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5.4. Geometry of critical regions. We identify a geometric structure of critical regions, 
close the one depicted in (|24j Sect. 1.2). Let C (0) = {(x,y) G Ro: \x\ < 5}. 

Proposition 5.3. There exists a nested sequence D D D • • • such that the 
following holds for k = 0, 1, 2, • • • : 

(51) C^ k > has a finite number of components called each one of which is diffeomorphic 
to a rectangle. The boundary of is made up of two C 2 {b) -curves of dRk connected by 
two vertical lines: the horizontal boundaries are min(25, n k ) in length, and the Hausdorff 
distance between them is 0(b^); 

(52) On each horizontal boundary 7 of each component of C^ k \ there is a critical point 
located within 0(b±) of the midpoint 0/7. 

(53) is related to C^ 1 ) as follows: Q^ 1 *) n Rk has at most finitely many components, 
each of which lies between two C 2 (b) subsegments of dRk that stretch across Q( fc_1 ) as shown 
in FIGURE 7. Each component of Q( k ~^ f] Rk contains exactly one component of C^ k \ 

(54) Let denote the set of critical points on the horizontal boundaries of{J- =0 C^. Then 

The rest of this section is entirely devoted to an inductive proof of (SI), (S2), (S3). (S4) is 
a direct consequence of this. In Section 15.51 we first describe a structure of the induction, to 
make clear how to proceed from one to the next step. In Section 15.61 we treat an initial step 
of the induction. In Section [5T71 we treat a generic step. 

5.5. Structure of induction. (SI), (S2) for k = are trivial. (S3) for k = is an empty 
condition. Let us say that dRo is controlled up to time by H^. Using the critical partition 
in Sect J5.3l we assign to all points in dRo(~]I(8) their binding points in and bound periods. 
This makes sense to refer to points in dR\ as being free or bound. 

Definition 5.1. Let j > 1 and assume: 

(Sl-3) hold for < k < j — 1, and dRo is controlled up to time j — 1 by H« 1 ). 
Under this assumption, we say: 

• a segment in dRj is a free segment if all points on it are free; 

• a maximal free segment in dRj is a free segment in dRj which is not contained in any other 
free segment in dRj] 

• a bound segment in dRj is any connected component of dRj\ {maximal free segment in dRj}. 
In the sequel we need two curvature-related estimates. 

Lemma 5.2. Any free segment in dRj is a C 2 (b)-curve. 

Proof. Let 7 be a free segment in dRj. Then 1 > C5\\Df~ n (z)t(z)\\ holds for all z G 7 and 
n > 0. Hence, the curvature of 7 is < \/b, by the curvature estimate in [[21] Lemma 2.4] and 
the boundedness of the curvature of W^ c . The inequality for n = —1 implies that the slopes 
of the tangent directions of 7 are < Vb. □ 

Lemma 5.3. For any free segment 7 and n > 0, the curvature of /~ n 7 is everywhere < 5 3n . 
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Proof. For z G 7, let n_ n (z) denote the curvature of f~ Ur ) at f~ n z. If f~ n z is free, then 
K -n{ z ) < Vb, by Lemma Otherwise, let m < —n denote the largest integer such that 
f m z is a free return. [J2TJ Lemma 2.4] and n m (z) < y/b give 

« (z) < -rucbv— w mt ^f + vV5y ||Dr "^ )l13 

< V6(C76) p/ ^ (z) || 3 + A. W \\Df-n{zW ■ 
Since z is free, H-D/^ 71- ^^) || < 10/5, and thus for 1 < i < —n — m, 

< 10 • 5 n 5 



\\Df- n -%z)\\ _ n 



||£>/-»*(2) 

Replacing all these in the above inequality, we obtain K- n (z) < 5 3n . □ 

Definition 5.2. Suppose that (Sl-3) hold for every < k < j. We say dRo is controlled up 
to time j by "BP', if for any maximal free segment 7 in dRj there exist a horizontal curve 7 
which contains 7 and a critical point £ e on 7. 

At step j — 1 of the induction, we show the implication Then, for all points 

in dRj PI 7(5) which are free, we assign their binding points as follows. For a maximal free 
segment 7 in dRj, take (7, C) as m Definition 15.21 We use ( as a common binding point for 
points in 7 fl 1(5). Their bound periods are given by considering the critical partition of 7. 
This makes sense to refer to points in dRj + \ as being free or bound. 

5.6. From step to step N . Let 1 < j < N and suppose (-Oj-i- The bound parts of dRj 
do not come back to C (0) , and dRj n 1(5) consists of C 2 (b) curves, each of which admits a 
critical point. Define = Rj flC' '. (I)j obviously holds. 

5.7. From step 2 m N to 2 m+1 N. The same argument cannot be continued indefinitely, be- 
cause bound segments return to 1(5). To deal with these returns, we need the help of critical 
points. 

Lemma 5.4. For each ( G C there exist positive integers ri\ < rt\ +p% < n 2 < n 2 +P2 < ^3 < 
• • • such that, for each rii, f ni ( G 1(5), and there exists a critical approximation z% relative to 
which w n[ (() is in admissible position, with \f ni ( — zi\ > e~ an '. 

The integers ni,n 2 , ■ ■ ■ are called free return times of (. 

Proof. We argue by induction. First, let n\ = min{n > 0: f n ( G 1(5)}. As 1(5) is open, 
n\ = min{n > 0: f n ( me G 1(5)} holds for all sufficiently large t. Let z me denote the binding 
point for f ni ( me , with a bound period p mr Passing to subsequences, we may assume that 
both converge as £ — > 00. Define zi, p\ to be the corresponding limits. 

Given (n k , z k ,p k ), define n k +i = min{n > n k + p k : f n ( G 1(5)}. Passing to subsequences 
again, we may assume that f nk+1 Cm e , is a free return to 1(5), with a binding point z m , and 
a bound period p m ,, both converging as £ — > 00. Define z k +i, Pk+i to be the corresponding 
limits. □ 

Definition 5.3. Let ( G C, with ni,n 2 ,--- and zi,z 2 ,--- as in Lemma 15.41 We say ( is 

controlled up to time n by 'E^ if, for each ni < n there exists z\ G such that \zi — zi\ = 



0(b 5 ), where ^ is the order of £1. Such zi is called a binding point for (. 
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Clearly, every £ G C is controlled up to time 2iV by H^ 0iV ^. To proceed from step 2 m N to 
step 2 m+1 iV, it suffices to show 

Lemma 5.5. Let m > 0. Suppose that (I) 2 ™n holds, and that every ( G C is controlled up to 
time 2 m+1 N by E^ m0N ^. Then: 

(a) (l) k holds for 2 m N <k< 2 m+1 N; 

(b) every ( G C is controlled up to time 2 m+2 N by Y^ 2m+leN ^ . 

Proof of (a). Assume (I)j-i for some 2 m N < j < 2 m+1 N. Then S^" 1 ) makes sense. We prove 
in three steps. 

Step 1: Treatment of bound segments in dRj. Let d denote the Hausdorff distance. 

Lemma 5.6. Let B be a bound segment in dRj. There exist N < I < j and ( G 5 <J ~ 1 - ) such 
that f l ( is free and d(f l (, B) < e~ 2al . 

Proof. We define a sequence Zq, • • • , z s in H^ -1 ) and a sequence no, • • • , n s of positive integers 
inductively as follows. By the definition of bound segments, there exists < no < k such 
that f~ n °B contains a critical point in "ES'~ no \ denoted by Zq. If f n °zo is bound, let n\ < uq 
denote the free return time of z with bound period pi, such that n\ < n < m + pi- Let 
Zi denote the corresponding binding point, which is in ^ C S^ -1 ^ by the assumption of 
induction. If f n °~ ni z\ is bound, then let n 2 < n — n\ denote the free return time of z\ with 
bound period p 2 , such that < n 2 < n — n\ < n 2 + p 2 . Let z 2 denote the binding point, 
which is in H^ 0n2 ^ C E^' -1 ', and so on. 

We must reach some n s and z s such that f n °~ ni ns z s is free. By the inductive assumption, 
each Zi is controlled up to time k — 1. Hence, for each i — 1, • • • , s we have pi < ^rPi-\. We 
have 

d(B, /no-m-.-n.^) < rf(jB; jno^) + | r o^ _ r o-n lzi | 

+ J2\ f no-n l -...-n k . 1Zk _ i _ f 



no— ni n fc I 



fc=2 



-n s ) 



< ^ 2e -2ap fc < 3 e -2ap, < 3e -2a(n -n!- 
fc=0 

where we have used (c) Proposition 15.21 for the second inequality. As z s _i is bound at time 
n — ni — ■ ■ ■ — n s -i, n — n x — ■ • • — n s _i < p s holds. Hence n — n\ — • • • — n s < p s and the 
last inequality holds. Take I = n — n\ — ■ ■ ■ — n s and ( = z s . The argument shows N < I. □ 

Corollary 5.1. For any bound segment B in dRj and aj < i < j , B fl = 0. 

Proof. Take I < j and £ G S^ _1 ) such that the conclusion of Lemma [5.61 holds. If f l £ G I(S), 
then let z G denote the binding point. We have d(B,z) > \f l C — z\ — diam(5) > 

e~ al - Qe~ 2al > e~ 2al . This implies BnC i[al]) = 0, and the claim holds. If f l ( £ 1(5), then let 
O = (0, 0). If I is large so that d(B, O) > \ f l ( - 0\ - diam(B) >S- 2e~ 2al > 5/2 holds, then 
the claim follows, because j > 0. If I is so small that the last inequality does not hold, then 
is near fl(5), which is away from 1(5). □ 

Step 2: Construction ofC^\ Let Q^^ 1 ^ denote any component of C^^ 1 ^ which intersects dRj. 
By Corollary 15. 1[ bound segments in dRj do not intersect C^" 1 ^. Hence, each component of 
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^HRj is bounded by two free segments stretching across *\ The next lemma ensures 
that it is possible to construct C^) so that (S2) (S3) hold. 

Lemma 5.7. For any free segment 7 in dRj stretching across Q^~ x \ there exists a critical 
point on 7 within 0(b*) of the midpoint 0/7. 

Proof. By the closeness and the disjointness of the boundaries of Q^~ l \ their tangent direc- 
tions are close enough, for Lemma [3721 to yield a critical approximation (0 of order := j on 
7, within 0(bi) of the midpoint of 7. 

We inductively construct a sequence ( , £1, • • ■ , of nice critical approximations on 7, of order 
m < mi < ■ ■ ■ , such that: (a) m i+ i G [5mj/4, 20mj); (b) |C, — < (Cb)~^ . The limit of 
the sequence is a critical point with the desired property 

Given Q of order 771* for some z > 0, Ci+i is constructed as follows. Let /ii < /i 2 < • ■ ■ 
denote an infinite sequence of positive integers such that < 16/ij for j = 1,2, ■•• , 

and \\Df k '^t(Ci)\\ > Kf" j ~ k) for < k < y. s . Lemma [37J ensures the existence of such a 
sequence. Given such that fij^ < 209rrii < define 771*41 to be the smallest such 

that [#m i+1 ] = fjLjU). We have 9m i+ i > //j(*) + i/16 > 56mi/A. (a) allows us to use Lemma 
13. to create a critical approximation of order 771*4.1, denoted by (b) is a consequence of 
Lemma 13.11 

Since 7 is a free segment, 

|y-[0m i+1 ]£. _ j-[(?m i+1 ]£. +i | < i 0( J(C76)^. 

Lemma 15.31 implies, for 1 < j < [$771*41] , 

\\DfH(f-^Q + i)\\>l^>Ki. 

In other words, t(/~^ m<+1 ^Ci+i) is Kq -expanding up to time [8m i+ i\. Also, it is 1/10-regular 
up to time [077i* + i], because 7 is a free segment. Consequently, (C3) in Sect J3.3I holds and Q +1 
is a nice critical approximation of order 771*4.1 on 7. This completes the construction of (£*)* 
and also the proof of Lemma 15.71 □ 

Step 3: Verification of (T)j. To show the assertion on the Hausdorff distance in (SI), we 
regard the horizontal boundaries of the component of C^ -1 ) n Rj containing Q^' as graphs 
of functions 71, 72 defined on an interval / of length 2k j ~ 1 . Let L(x) = |7i(x) — 72(2;) |- (SI) 

1 j — 1 1 

gives L*(x) < (Cb)~ < length(J). Moreover |7i(a;) — TsC 3 -) I — L*{x) holds, for otherwise 71 
intersects 72. By this and the C 2 (6)-property, L(y) > L(x) — (L^(x) — C\fb\x — y\)\x — y\ 
holds for x,y £ I, which is > L(x)/2 provided \x — y\ < (x). Hence, area(Q^- ) ) > L^(x)/2 
holds. If L(x) > 62, then aiea(Q^^) > b~e /2, which yields a contradiction to area(Q ( -^) < 
area( J R j ) < (Cb) j . 

We show that 8Rq is controlled up to time j. Let 7 denote any maximal free segment in 
dRj intersecting 1(5). We indicate how to choose the horizontal curve 7. 

If 7 n Q {j - l) ^ 0, then 7 stretches across a component x \ and there exists a critical 
point on 7, by Lemma 15. 71 In this case, we take 7 = 7. If 7 n = 0, let k < k - 1 

denote the largest such that n 7 7^ 0. Let denote the component intersecting 7. Let 
g( fc o+i) denote any component of in Q( k °\ Since the bound segments are small, there 

exists a horizontal curve 7 which contains 7 and a critical point on 7. 
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(Proof of (b)). Let £ G C, 2 m+1 N < n\ < 2 m+2 N and suppose that is a free return time of 
£. Let 5; denote the binding point of order £, as in Lemma [El If £ //(<$), then the 

long stable leaf of order [6£\ through f~^2i intersects dR at one point, which we denote by 
x. Otherwise, the long stable leaf of order — 1 through f~^ +1 Zi intersects 8Rq at one 
point, which we denote by x. In either of the two cases, \f m x-z t \ < (Cb^, and 

f < Cani < 2 m+1 N. 

Claim 5.1. f^x is free. 

Proof. Suppose the contrary. Let B denote the bound segment containing f^x, which is in 
dR\0g\. By Lemma [5.6[ B C 1(5) and there exists I < z G H^ -1 ) such that f l z is free 
and d(f l z, B) < e~ 2al . Let z' denote the binding point for f z. It follows that £ and z' lie on 
the same horizontal curve, a contradiction. □ 

Let 7 denote the maximal free segment containing f^^x. Lemma [5761 implies that 7 stretches 
across Q([ fl ^ -1 ). By the assumption of induction, there exists ^ G C H^ 2 ™ + ejv ^, located 

within 0(b~) of the midpoint of 7 fl Qd^]- 1 ). By Lemma [3 .2\ there exists a critical approxi- 
mation z of order £ on 7 such that |/^:e — z| = 0(b^). Lemma T3. II implies \z\ — z\ < (Cb)~s . 
Hence \zi — zi\ < \h~ f^ 9 ^x\ + \f^ 9 ^x — z\ + \ z — zi \ = 0(b~z), which means that £ is controlled 
up to time ni by H^ 2 " 1 0Ar ^. This completes the proof of Proposition 15.31 

5.8. Binding points in C. The following statement was obtained from the proof of Propo- 
sition 15.31 

Corollary 5.2. For all z G dRo \ {J n>0 f~ n C there exist a sequence of integers < n\ < 
n i + Pi < n 2 < n 2 + P2 < • • • and 0, sequence Ci, C2, • • • of critical points such that for each 
ni we have: f n 'z G 1(6); there exists a horizontal curve 7 which contains the maximal free 
segment containing f n 'z, and a critical point Q on 7; p\ is the bound period from the critical 
partition 0/7. 

We use this corollary to resolve the problems mentioned in Remark 13. 1[ on the ambiguities 
of binding points. From this point on, we call each Q a binding point for the orbit of z, and 
refer to f l z as bound if n\ < i < n\ + pi for some ni. Otherwise, we refer to f % z as free. 

6. The measure of W u n K + 

Let I • I denote the arc length measure on W u (we will also denote by | • | the two-dimensional 
Lebesgue measure, but never for both things simultaneously). The aim of this section is to 
prove 

Proposition 6.1. \W U n K + \ = 0. 

The main step in the proof of this proposition is to show the next 

Lemma 6.1. (Growth to a fixed size) Let u>q be an element of a critical partition constructed in 
Section W^. or a free segment not intersecting 1(8) and stretching across one of the components 
of I(2S)\I(S) . IfuonK + has positive Lebesgue measure, there exist a collection Q of pairwise 
interior- disjoint curves in uq and a stopping time function S: Q — > N such that: 

(a) for a.e. z G Uq D K + , there exists u> G Q containing z; 
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(b) for each tu £ Q, f s ^tu is a free segment not intersecting 1(5) and stretching across one 
of the components of 1(25) \I(5). The distortion of f s ^\u is uniformly bounded; 

(c) there exists c > depending only on the length of Uq such that for n > 0, 

(20) \{S >n}\ < ce~ Cn . 

Here, {S > n} denotes the union of all u G Q such that S(u) > n. 

A large part of this section is devoted to the proof of Lemma 16 . 11 In Section 16.11 we define 
and describe the combinatorics of the partition Q and the stopping time 5*. In Section 16.21 
we estimate the size of a curve with a given combinatorics, and combine it with a counting 
argument, and prove Lemma 16.1 1 In Section [6731 we show that stable manifolds with "good 
shapes" are more or less dense. Combining this topological result with Lemma [6711 we complete 
the proof of Proposition 16.11 

6.1. Combinatorial structure. Let ujq be a free segment in W u as in Lemma I67T1 For each 
n > 0, considering n-iterates we construct a partition V n of u , and its subset Q n . Each 
element of V n is a countable union of elements of V n +\- Each element of Q is an element of 
some Q n . If u e Qn Q n , then S(u) = n holds. 

If uo is an element of a critical partition, let po denote the bound period. Otherwise, namely 
ujq fl 1(5) = 0, let po = 0. Let n\ = min{n > p : f n u fl 1(5) ^ 0}. For every < n < nx, set 
V n = {wo}, the trivial partition of uq. 

Let n > n\. Given u G V n -x, V n \u is defined as follows. The n is either cutting time or 
non-cutting time of u. If n is a cutting time of u, f n u is cut into pieces. A pull-back of this 
partition defines V n \oj. If n is a non-cutting time of u, let V n \uJ = {w}. 

We precisely describe when n is a cutting or non-cutting time of u>. If f n u fl 1(5) = 0, or 
f n cj is bound, then n is a non-cutting time of u. If f n u fl 1(5) ^ and f n u is free, Let 7 
denote the horizontal curve given by Corollary 15.21 Namely,7 contains f n u, and there exists 
a critical point on 7. There are two mutually exclusive cases: 

• c^o contains at least one element of the critical partition {7fc. s } of 7. In this case, n is a 
cutting time of ojq. We cut to Hi (5) into pieces, by intersecting it with the elements of 
{lk, s }- The partition elements containing the boundary of a; fl 1(5) are taken together 
with the adjacent ones, so that all the resultant elements contains exactly one element 
of {7fc, s }. If the component of u \ 1(5) is > 5 in length, then we treat it as an element 
of our partition of u. Otherwise, we take it together with the adjacent 7fc jS . Lemma I5TT1 
goes through for each partition element, because it is a union of at most log2/(3a)- 
number of elements of the critical partition of 7. This follows from (|43|) . 

• Uq contains no element of {7fc )S }. In this case, n is a non-cutting time of u. 

Let V' n denote the collection of all elements of V n intersecting K + . 
Lemma 6.2. If u G V n _ 1 and f n u is free, then for all £,77 G u>, 

0g \\DfH(ri)\\- S U K ,m 
If / n £, f n i] G 1(25), then the factor 5 can be dropped. 

Proof. Let k < n and suppose that f k u is free. The time interval [k, n] is decomposed into 
bound and free segments. Applying Proposition 15.21 to each bound segment and Lemma 12.11 
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to each free segment, we have \\Df n k (z)t(z) || > 8e^ n ® for all z G f k (co). Since f k u and 
f n uj are C 2 (b), it then follows that 

(21) \f k i - fv\ < s-h-^-^m - f n vl 

Let rii < ■ ■ ■ < n s < n s+ i := n denote all the free returns in the first n-iterates of u, with 
Pj the corresponding bound period. By Lemma [57T1 and (|2"T1) . 

VlQg < V* I m+Pit _ f n j+Pj |Ca < _ f n |Oa 



By Lemma [2. 11 is a C ( 6) -curve outside of 1(5), for rij + pj < i < rij+i. Hence 



y- y- HAWAII <£y y> _ « > < _ /n , 

j=0 i= nj +pj 11 J w un j=0 i=nj+pj 

These two inequalities yield the desired one. The last assertion follows from (b) Lemma 

EU □ 

6.2. Large deviation. Let us say that uj G V' n is an escaping element if (i) ujC\K + ^ 0; (ii) n 
is a cutting time of the element of V' n _ x containing uj, and f n cu fl 7(5) = 0. By construction, if 
uj G V' n is an escaping element, then /"u is a free segment, not intersecting 1(5) and stretching 
across one of the components of 1(25) \ 1(5). 

Let Q n denote the collection of all escaping elements of V' n which are not contained in 
escaping elements in Uo<fc<n^'fc- Define Q = |J n Q n . Define a stopping time function S: Q — > 
N by S(uj) = n for each~a;~G Q n . Clearly, V' n \ U < fc <„ Qt = {w6Q: > n} holds. We 

show fl20l) . By construction, this would imply that the elements of Q altogether cover u r\K + 
up to a set of zero Lebesgue measure, as desired in (a). 

Let ni > denote the cutting time of ujq. It is finite, and depends only on the length of ujq. 
This implies that, for n > n 1; any uj G V' n \ Uo<fc<n Qk nas an well-defined itinerary that is 
described as follows. There exist a sequence of integers < n\ < ■ ■ ■ < n s < n called essential 
free returns, and an associated sequence u\ D • • • D uj s D uj such that uji is the element of 
V' n . containing uj, and is a cutting time of with C 1(25). Let (j G C denote the 

binding point for / ni u;j_i. Let denote the bound period. By an itinerary of a; we mean the 
sequence (ni, ±Pi, Ci), ( n 2, ±£>2, C2), • • • , [n s , ±p s , Cs)> where +, — indicates whether f ni uJi is at 
the right or left of Q. 

From this point on we assume 

(22) n > 2m. 

By construction, f ni uji and f ni+Pi uJi are free segments. The following estimates are used in 
the proof: 

|/ n ^| < e" Api and \f n * +p 'uJi\ > e~ 4ap \ 

The first one follows from the definition of the critical partition. The second one is from 
Lemma [5. II Let n s+ \ > n denote the cutting time of uj s . 

Claim 6.1. n i+ i — rij — p, < for every 1 < i < s. 
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Proof. Since f ni+1 Ui is also a free segment, in view of Proposition 15 . 2 1 and Lemma [27TI we have 
3 > \ f ni+1 Ui\ > 5e3 K+i- n i-p») e - 4 «p». Rearranging gives n i+ i —m — pi < f (log(l/5) + 5api) < 
jf-Pi, where the last inequality follows from p^ > '° . □ 

Summing the above inequality over all 1 < % < s and then using (122"]) . we have 
(23) n < J^. 

8=1 

Write u = oj s+ i. Since f ni+1 uj i+ i C 1(25), the factor 8 in Lemma [6T21 can be dropped and 

s 1 

U < l w I = U|H < y-mg!^ < e -(A-3a)( Pl+ ... +Ps _ l)e -A Ps < e -(A-3«)fl 



where R = Yli=iPii which is > ^ by (123]) . Hence 



£ M = £ e H<EE2i*) e -< w " >R < £ «" 

«6?V,\Uo<*<»e* pi+ .4 ps=ii * s V 7 R> An/40 



(A-4a)i? 



For the last inequality we have used s/R < C/log(l/5) and (f) < e^ R , where /3(5) — » as 
5—7-0, which follows from Stirling's formula for factorials. This completes the proof of (1201) 
and that of Lemma 16.11 □ 
As a corollary we obtain 

Corollary 6.1. (Abundance of stopping times) Let u be an element of some critical partition. 
If co H K + has positive Lebesgue measure, there exist a sequence Q (1) ,Q {2) ,--- of collections 
of pairwise interior- disjoint curves in u, and a sequence of stopping time functions Si, S2 ■ ■ ■ , 
S k : Q( fc ) -> N such that: 

(a) for a.e. z G cunK + there exists a sequence co^ D u/ 2 ) D ■ ■ • of curves such thatco^ G 



fc>i 



(*). 



/or eac/i > 1 and {2;} = C| 

(b) < .SifwW) < S 2 (ujW) <■■■, and log l{D ^Z Hm < C8' 1 for all w^; 

(c) f Sk co^ is a C 2 (b)-curve, stretching across one of the components of 1(26) \ I(8). 

Proof. Let Q, S be as in Lemma I6TT] replacing u by u, and define Qi — Q, Si — S. Given 
Qk and for each tu <E Qk define a partition Q' of f Sk ^u and a stopping time function 
S': Q! — > N, replacing oj in Lemma IBTTl by f Sk ^co. This defines Qfc+i in the obvious way. 
For to' G Qk+i, define Sk+i(u>') = Sk(co) + S'(f Sk ^oj'), and so on. The bounded distortion 
follows from Lemma 16.21 □ 

6.3. Proof of Proposition 16.11 The next lemma relies on a continuity argument within a 
small parameter range containing the first bifurcation parameter a*, and is not valid for the 
parameter ranges treated in [5] [T21 El] • 

Lemma 6.3. There exist E\ G (0, a* — a**) and a G (0, 1) such that for any a G [a* — E\, a*} 
and any C 2 (b)-curve 7 in W u stretching across one component of 1(28) \ 1(8), |7ni^ + | < o~\^j\. 

We finish the proof of Proposition 16.11 assuming the conclusion of the lemma. Assume 
\W U n K + \ > 0. Then one can choose an element u of some critical partition for which 
\u> H K + \ > holds. By Corollary 16.11 and Lemma [6.31 for a.e. z G u R K + there exists an 
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arbitrarily small neighborhood of z in W u in which the set of points which eventually escape 
from Rq has a definite proportion. It follows that z is not a Lebesgue density point of unK + . 
This yields a contradiction to the Lebesgue density theorem. 

It is left to prove Lemma 15^1 The following elementary observation is used, on the quadratic 
map g 2 : [—1, 1] O, #2 0*0 = 1 ~~ 2x 2 : 1/2 is a repelling fixed point, and the set of preimages 
U„>o #2~ n (l/2) is dense in [—1, 1], not containing 0. 

By a vertical curve we mean a curve such that the slopes of its tangent directions are 3> 1. 
Let Zo C W /S (Q) denote the segment in iy u (P) which contains P and stretches across i?o- 
Clearly, l is a vertical curve. Iterating l backward, it is possible to choose an integer N 
independent of b, and to define a sequence lo,h, • ■ • Jn of vertical curves in W S (P) which 
stretch across Ro, and with the property that any C 2 (6)-curve as in the statement of the 
lemma intersects one of them in its middle third. This picture persists for all a G (a**, a*) 
sufficiently close to a*. By the definition of a**, W U (P) is not contained in [— 2,2] 2 . By 
Inclination lemma, the conclusion holds. □ 



7. Dynamics of Lebesgue typical points 

In this last section we show f\>o f ~ n Ro has zero Lebesgue measure, and completes the 
proof of the theorem. The main step is a statistical argument, which enables us to show that 
the occurrence of infinitely many close returns is improbable. This sort of argument has been 
successfully undertaken by Benedicks and Viana [6 J in the attractor context. We adapt it 
to our non-attracting context, with the help of the geometric structure of critical regions in 
Proposition 15.31 In addition, we dispense with any assumption on the Jacobian, which was 
assumed in [61 [21] . 

As a preliminary step, in Sect 17. II we construct a family long stable leaves near each critical 
point. In Sect l7.2l using these leaves we define a certain region, and introduce close return 
time, as a kind of a first return time to this region. In Sect J7.3I we show that the theorem 
follows from Proposition \7.2\ which states that the occurrence of infinitely many close return 
times is improbable. 

For the proof of Proposition 17.21 based on preliminary geometric constructions in Sect l7.4| 
17.51 we construct in Sect J7.6l an infinite nested sequence fto D fii D ■ ■ • . Each flk is decom- 
posed into rectangles, bordered by stable leaves and pieces of W u and denoted by Ri -i k . 
The sequence (ia, - ■ • , ik) records the recurrent behavior of the iterates of the rectangle to the 
critical set. Combining these geometric ingredients with key analytic estimates in Sect J7.7|l7.8[ 
we complete the proof of Proposition 17.21 in Sect J7.91 

7.1. Construction of long stable leaves. For the purpose of stating the next proposition, 
we introduce a truncated distance dc(-) to C as follows. Let z G W u \ IJ n >o f n ^ an< ^ su PP ose 
that z is free. If z ^ 1(5), then let dc(z) = 1. Otherwise, let ( G C denote the binding point 
for z and let dc(z) — \z — £|. If z is bound, then dc(z) is undefined. For a free segment u, let 
d c (u) = min zeuJ d c (z). 

The next proposition indicates the existence of a family of long stable leaves near each 
critical value. In addition, these leaves have a slow recurrence property to C. 

Proposition 7.1. (Long stable leaves through slowly recurrent points) Let ( be a critical 
point on a free segment 7. For each element uq of the critical partition 0/7 there exists z G u>q 
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such that dc{f n z) > e 5an holds for every n > such that f n z is free. In addition, the long 
stable leaf through fz exists. 

Proof. We divide the proof into three steps. First, we prove the existence of z G with 
the property as in the first statement. Next, we give angle estimates. Finally, we show the 
existence of long stable leaves through fz. 

Stepl. Construction of slowly recurrent points. Let hq = 0. Let po denote the bound period 
of uq. Let Vq, V\, Viy • • • denote the sequence of partitions of ujq constructed in the same 
way as in Sect l6.ll We construct a (possibly finite) sequence p < n\ < n 2 < ■ ■ ■ and a 
nested sequence u>q D U\ D U2 D • • • of curves for which the following holds for every k > 0. 
Obviously, any point in the intersection f\>o Uk satisfies the desired property: 

• Uk G V nk , and for < n < such that f n Uk is free, dc(f n Uk) > e~ 5an ; 

• Uk+i is a cutting time of Uk- If there exists no cutting time of Uk, then nk+i is undefined. 

The construction of the sequence is by induction that is described as follows. Given n^, 
Uk G V nk such that f nk Uk C 1(25), with a bound period pk, define n k+ i > n k + Pk to be the 
cutting time of Uk- Then f nk+1 Uk is a free segment of length > e~ 5ank+1 . Indeed, by Lemma 
15. 1^ f rik+Pk Uk is a free segment of length > e~ 4apk . Using Lemma [2TT1 from time nk+Pk to Uk+i, 
\f nk+1 Uk\ > \f nk+Pk Uk\ > e~ 4arik+1 . Hence, it is possible to take an element Uk+i G V nk+1 such 
that u! k+ i C tu k , f nk+1 Uk + \ C 1(25) and d c (f nk+1 Uk+i) > e~ 5ank+1 . To recover the assumption 
of the induction, it suffices to show dc(f n u>k) > e~ ban for n k + Pk < n < n k+ \ such that /"uj 
is free. If f n 0Ok H 1(5) = 0, then dc(f n Uk) = 1 > e~ 5an . To treat the case where n is a free 
return time, we need 

Sublemma 7.1. Let fi\ < • • • < h s denote all the free return times of u>k in [n^ + Pk, n k+i) , 
with pi, ■ ■ ■ ,p s the corresponding bound periods. Then 

Pi H \~Ps < — — • 

Proof. Splitting the time interval [nk + pk,nk+i) into bound and free segments, for all z G 
f nk+Pk u) k we have \\Df nk +^ nk - pk t(z)\\ > e ^ pi+ - +p °\ Combining this with \f nk+Pk u k \ > e~ Aapk 
from Lemma [5.11 we get 3 > \ f nk+1 Uk\ > e»^ lH t-Ps)~ 4a Pfc, The first inequality is due to the 
elementary fact that the forward iterates of Uk cannot grow to a free segment of length > 3 
without intersecting 1(5). Taking logs we obtain the desired inequality. □ 

~ / 1°& ~ ^ a ^0 cr 

For each we have dc(f ni oo) > e ~ Pt > e s Pk > e~ . The last inequality follows 
from pk < as j n ^ Proposition 15.21 

Step2. Angle estimates. We introduce a useful language along the way. 

Definition 7.1. Let z G 1(5) \ C. A tangent vector v at z is in tangential position relative to 
( G C if there exists a horizontal curve 7 which is tangent to both v and t((). 

Let z G Uq have the property in Lemma [7TT1 Let 6 n = &ng\e(Df n t(z),w n (z)). Let =: 
n < ni < n 2 < ■ ■ ■ denote all the free return times of z, with £ > Ci> C2, • • • the corresponding 
binding points. The next lemma allows us to use (k as a binding point for w nk (Q. 

11 k 

Lemma 7.1. For every free return time nk > of z, 6 nk < (Cb)^~ holds. In addition, w nk (z) 
is in tangential position relative to (k- 
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Proof. Let pk denote the binding period for n^. The next three angle estimates follow from 
[[2TJ Sublemma 3.2.]: 

(24) 9 <e,(Cb) (p °- 1)/2 \\EJ^M ll w i(^)H < (Cb) po/3 - 



I Or.) a <f ) (rh)(n k + 1 -n k -p k )/2 II Df nk+Pk t(z) \\ \\w nk+Pk (z) u .„-/.>,). 

(25) e nk+1 <0 nk+Pk {Cb) \\Dfn k+ H(z)\\ \\w nk+1 (z)\\ tOT -°' 

(26) 6 <6 fCfcW 2 W DfnH ^ !K*(g)|! f or fc>l 
(26) nfc+Pfc <M^) p/^^ll ||^^(z)|| fOT ^ L 

Using these, we prove the statement by induction on k. Take k = in (j2"B"l) . By ([21]) and 
Lemma I2TTI the two fractions of the right-hand side are < 1/8 and 9 ni < (Cb) ni ' 3 holds. This 
estimate and the distance bound in Lemma f7.ll implies that w ni (z) is in tangential position 
relative to Ci- Then, taking k = 1 in (J2ED we get 6 ni+Pl < (Cb) (ni+Pl)/3 . Taking k = 2 in (|25l) 
we get 6* n2 < (C6) n2//3 , and that io n2 (;z) is in tangential position relative to (2, and so on. □ 

Step 3. The existence of long stable leaves. In view of Lemma 12.51 it suffices to show that fz 
is expanding. In the next lemma, we assume 1 < o < e*. 

Lemma 7.2. For every n > 1, \\w n (z)\\ > a n ~ l . 

Proof. The inequality for 1 < n < n(X), where n(A) < p$ only depends on A, follows from 
the closeness of our map / to (x, 0) — > (1 — 2x 2 ,0). For n(A) < n < p , it follows from the 
exponential growth and the bounded distortion along the orbit of (. Let n > p . Suppose 
f n z is free. Applying Lemma 12.11 to each free segment and Proposition 12.11 to each bound 
segment, we have ||iu n (z)|| > ^e^™" 1 ). If n < n 1; then the factor 8 can be dropped by 
Lemma 12.11 If n > n±, then using 5 > dc(f ni z) > e~ 5ani we have ||wn(z)|| > 5e's^ n ~ 1 ^ > 
dc(f ni z)\\w n (z)\\ > e^3 _5a )( n_1 ) > cr n_1 . If f n z is bound, namely nk < n < + Pk for some 
n k , then \\w n (z)\\ > h-^ +Pk - n ^\\w nk+Pk {z)\\ > ^ e ^n k+Pk ~i) > 5 -^ e t« > a n-i For the 
third inequality we have used pt < ^p 1 as in (a) Proposition 15.21 This completes the proof 
of Lemma 17.21 and hence that of Proposition 17.11 □ 

7.2. Close return time. Let denote any component of C^ k \ Let Co, Ci denote the critical 
points on the horizontal boundaries of Q^ k K Take curves 70, 71 of length 5w in the horizontal 
boundaries of so that: (i) 70 (resp. 71) contains Co (resp. Ci) within 0(b*) of the midpoint 
of it; (ii) 70, 71 are connected by two vertical lines. Let B^ C denote the region bordered 
by 70 is connected to 71 by the two vertical lines through their endpoints. 

We construct a region Bf ] C as follows. Assume T(/Co) is at the right of r(/&). 
Choose a point z G 71 for which 5 k < \z — Ci| < 82, and dc(f n z) > e~ 5an holds for every 
n > 1. Proposition 17.11 ensures the existence of such a point. By Remark 12.11 T(z) intersects 
/71 exactly at two points. 

By ©, the Hausdorff distance between T(z) and r(/Co) is < C\fz - f&\ + C|/Ci - /Col < 
C^a. Hence, r(z) intersects /70 at one point. By Remark |2.1[ T(z) intersects /70 exactly 
at two points. Define Bq to be the region bordered by 70,71 and the parabola f~ 1 T{z). By 

(k) 

construction, the horizontal boundaries of B Q extend both sides around Co, Ci t° length from 
fa 8 k to « 8^. Let denote the collection of all Bn . 
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Definition 7.2. We say z G 1(5) is controlled up to time v > if f n z ^ A^ holds for every 
1 < n < v. In addition, if f v z G A^ v \ then we say z makes a close return at time v, and call 
v a close return time of z. 

7.3. Infinitely many close returns are improbable. Let z G 1(5). Let Vi,V2,'" be 
defined inductively as follows: V\ is a close return time of z; given V\ y • • • , z/^, let fk+i be the 
close return time of f Ul+I/2 ^ Vv ^z G 1(5). If ui, ■ ■ ■ , are defined in this way, we say z has k 
close return times. If the sequence is defined is indefinitely, we say z has infinitely close return 
times. Otherwise, we say z only finitely many close return times. We say z is controlled if 
there is no close return time of z. 

Let ko be a large integer, to be specified later. Let f2oo denote the set of all z G A^ which 
has infinitely many close return times. We have f2oo = f] k>1 Qk, where Qk denotes the set of 
all z G A^ which has k close return times. Obviously, ilk C Qk-i holds. 

Proposition 7.2. — > exponentially fast, as k — > oo. In particular, floo has zero 
Lebesgue measure. 

Let A = f]n>o f n ^o- We show how |A| = follows from this proposition. We argue 
contradiction assuming |A| > 0. Lemma I2TT1 indicates that A intersects Un>o / _n -^(^) * n a se ^ 
with positive Lebesgue measure. For almost every z G A R Un>o f n H^)^ define m(z) > 
to be the smallest such that f m ( z >z is controlled. Let us see m(z) is well-defined. This is 
clear in the case z \J n>0 f^ n A^ h)) . Otherwise, take i (z) > such that f io ^z G A^ k °\ By 
Proposition 17.21 one of the following holds: either (i) f l °^z is controlled, or else (ii) f l °( z >z 
has only finitely many close return times, denoted by Vi, ■ ■ ■ , v^. By definition, f l0+v ^ Vv ^z 
is controlled. 

Let Vj = {z G A n |J„>o f~ n I{S) '■ m i z ) = j}- Ta ke j such that \Vj\ > 0. By definition, any 
point in f^Vj is controlled. The next lemma indicates that f^ +1 Vj is foliated by long stable 
leaves. 

Lemma 7.3. I/z£ 1(5) is controlled up to time v, then \w n (z)\ > 5 holds for 1 < n < 

v. 

Proof. We inductively define a sequence < ri\ < ni+pi < n 2 < n 2 +p 2 < • • • < n s < n s+Ps < 
v of integers and critical points 0, C2, • • • ,C* such that: (i) f ni z G 1(5) for each ni, and w ni (z) 
is in tangential position relative to (1, with pi the bound period and \f ni z — ( ni \ > 5 2n '; (ii) 
ni + \ is the next time of returns to 1(5) after ni + pi. 

Given ni,(i and pi, let n [+ i > ni + pi denote the smallest such that f ni+1 z G 1(5). By the 
assumption, f ni+1 z ^ A^ ni+1 ' holds. Let k denote the largest integer such that f ni+1 z G C^ k \ 
and let denote the component of containing f ni+1 z. By (S3), f ni+1 z is in tangential 
position relative to critical points on the horizontal boundaries of the component of C( fc_1 ) 
containing Q^ k \ Choose one of them as Q+i- 

Suppose that ni < n < ni+pi holds. In the same way as in the proof of Lemma I7T2| we have 
H^nO^H > 4r Pl . Substituting pi < ^Mog(l/<5) into the exponent yields the desired inequality. 
For all other n it is immediate to show the desired inequality, in the same way as in the proof 
of Lemma 17.21 □ 

Consider the projection n: f^ +1 Vj — > dR along the long stable leaves. (EJ) says that n is 
Lipschitz continuous. In particular, -n-(f^ +1 Vj) has positive one- dimensional Lebesgue measure 
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in W u . By the contraction along the leaves, ^(f^ +1 Vj) C K + holds. This yields a contradiction 
to Proposition 16.11 

The rest of this paper is devoted to the proof of Proposition 17.21 Before proceeding, let us 
give some estimates on close return times which will be used sometimes in the sequel. Let 
z G Qk, and let Ui, • ■ ■ , denote the corresponding sequence of k close return times of z. 
By definition, for 1 < I < k — 1, f ui z G holds. Let ( denote any critical point on the 
horizontal boundary of the component of AS Vl ' containing j n z. By definition, \f l z—Q < CS^ 
holds. Then 

\f Vl+i z - f C| < C5^A l < e~ ai for 1 < i < Au h 

This implies 

(27) u i+1 > Avi for 1 < I < k. 
The same reasoning gives u\ > Ak Q , and thus 

(28) u x > 4 l k for 1 < I < k. 

7.4. Partitions of rectangles. By a rectangle R we mean a compact region bounded by two 
disjoint curves in W u and two disjoint stable leaves. The boundaries of R in W u are called 
unstable sides. The boundaries in the stable leaves are called stable sides. 

We define partitions of rectangles, using the families of long stable leaves constructed in 
Section 17.11 To this end, let us fix once and for all an enumeration C = {( m }^ =1 of all the 
critical points and let 7 m denote the maximal free segment containing ( m . We deal with a 
rectangle R in 1(5) such that: 

(Rl) the unstable sides of R are made up of two free segments, each contained in 7 mo and 

k 

7 mi . In addition, |£ mo — ( mi \ < (Cb)2 holds for some k > 1; 

(R2) the unstable sides of R extend to both sides around ( mo , ( mi to length m 5 k ; 

(R3) r(/Cmo) is at the right of T(f( mi ); 

(R4) there exists a long stable leaf such that /~ 1 r oo contains the stable sides of R. 

One typical situation we have in mind is that two maximal free segments in dR u stretch 
across Bq \ where k < v. If this happens, then the region bounded by the two maximal free 

(k) 

segments and the stable sides of £>q is a rectangle satisfying all the requirements. 

By Lemma I7.1[ in each element of the critical partition of 7 mi there exists a point z such 
that the long stable leaf through fz exists. Take just one such point from each element 
of the partition and denote the associated countable number of long stable leaves by Ta, 
A = — 1, —2, —3, • • • from the left to the right. We repeat essentially the same construction 
for 7 mo . The difference is that, only those of the elements of the critical partition of 7 mo come 
into play whose /-image is at the right of T(f( mi ). We denote by Ta the associated countable 
number of long stable leaves at the right of T(f( mi ), where A = 1, 2, 3, ■ ■ • from the left to 
the right. 

By Remark 12.11 if A > 0, then / _1 Pa intersects the unstable side of R containing £ mo 
exactly at two points, one on the right of ( mo and the other on the left. If A < 0, then / _1 Ta 
intersects the stable side of R containing ( mo . By Remark I2TTI again. / _1 Ta intersects each of 
the unstable sides of R exactly at two points. These observations and the Lipschitz continuity 
of the tangent directions of the leaves as in §5§ altogether indicate that, the family of the long 
stable leaves induces a partition of R. Each element of the partition is a rectangle, bounded 
by the unstable sides of R and two neighboring parabolas, which are preimages of Ta, Ta+i- 
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Figure 5. A rectangle and its partition with long stable leaves 



7.5. Symbolic coding. Each rectangle in the partition of R constructed in Section 17.41 is 
denoted by R(p, e, A,p). Here, the meanings of p, e, A,p are as follows: 

• if the unstable sides of R(p,e, A,p) intersect both 7 mo and j mi , then p = m x . Otherwise, 
P = m o] 

• if p = mo, then e = 0. If p = mi, then e = + or — , depending on whether the unstable sides 
of R(p,e,A,p) is at the "right" or the "left" of ( mo and £ TOl ; 

• the stable sides of f(R(p, e, A,p)) are contained in Ta U Ta+i- 

• p = max{p(C P , z) : z e l P n R(p, e, A,p)}. 

The integer p is called a bound period of -R(p, e, A,p). By the monotonicity of the function 
z i — ^ p(Cp ; the maximum is attained at one of the edges of the rectangle R(p, e, A,p). It is 
immediate to see: 

(i) all points in f(R(p, e, A,p)) are expanding up to time pi — 1; 

(ii) for all £,rieR(p,e,A,p) and 1 < i < p, 11^(011/11^(^)11 < 2. 

Lemma 7.4. (Geometry of rectangles at the end of bound periods) For all z in the unstable 
sides of R(p, e, A,p), ||.D/ P t(z)|| > C5\\DfH(z)\\ holds for every < i < p. In particular, the 
unstable sides of f p (R(p,e, A,p)) are made up of two C 2 {b)- curves. 

Proof. Let ( denote the critical point on the unstable side of R which contains z. Let p((, z), q((, z) 
denote the bound and fold periods of z with respect to (, as defined in Sect J5.21 In view of 
(ii) as above and (g) Proposition 15. 2\ 

(29) Ip/^H^IC-^I-IKCOII for q((,z)<t<max(p((,z),p). 

Let ^1,^2,^3,^4 denote the edges of the rectangle, namely, the points which belong to both 
the stable and the unstable sides of R(p, e, A,p). In the discussion to follow, we assume that 
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Figure 6. Situation considered in Proposition 17.31 



£i,£ 2 are on the same unstable side of R, and {i — 1,2) are connected by the long 

stable leaf which defines the stable side of f(R(p, e, A,p)). 

Case 1: e = 0. In this case, £i, £ 2 , £3, £4 are on the same unstable side of R. We suppose that £1 
is closest to C- Thenp = max(p(C, £i),p(C> £3)) holds. (JSJ) and Lemma 12 .21 give |C _ £i| ~ |C — 
Hence, (a,b) Proposition 15.21 gives 

q(C, z) < C/3max(log |C - ^\~\ log |C - < P- 

This means that (1291) holds for g(£, z) < i < p and therefore 

\\Dft(z)\\ ~ 11^(011 " ' 

For 1 < z < g(C, 2), 

p^jj ^ II^WOH > ctf|c-*IK (c ,*)(C)ll > > 5. 

The first inequality follows from (h) Proposition 15.21 The second inequality follows from 
||w p (C)|| > C^II u 'p(C,z)(C)II- F° r the third inequality we have used \( — z\\\w p ^ jZ )(()\\ > \( — 
z\ l °s c a > 5 logC o which follows from (e) Proposition 15.21 Since the unstable sides of 
R(p, e, A,p) are C 2 (b), these two inequalities and the curvature estimate in [[21 J Lemma 2.3] 
together imply that the unstable sides of f p (R(p, e, A,p)) are C 2 (b). 

Case 2: e = + or — . In this case, £1 and £3 (resp. £ 2 and £ 4 ) are on different unstable sides 
of R. We suppose that T(/£i) is at the right of r(/£ 2 ), and that £1 and £ belong to the 
same unstable side of R. Let £' denote the other critical point of R on the unstable side of 
R. Then p = m&x{p((, £i),p(C, £3)} holds. By (jSJ) and Lemma E21 again, \( — z\ > C\( — £i| 
and |C - «| > C|C -61- Hence, q((, z) < C/3 log |C - z^ 1 < p. This means that (JUD holds for 
<?(C> z ) < i < P- The rest of the argument is analogous to that in Case 1. □ 



7.6. Construction of partitions. Putting the results in Sections 17.41 17. 51 together, for each 
k > we inductively construct a partition of each Qk into a countable number of rectangles. 
Each element of the partition of Qk will be denoted by Ri ...i k , where (z'o, • • • ,ik) are itineraries 
which record the behavior of the rectangle under iteration, up to time v\ + • • • + v^. 

Initial step. Let f2o = A> k °\ Take a component of f2 and denote it by R. Following the steps 
in Sect J7.41 define a partition of R with the family of long stable leaves. To each element 
of the partition, assign the set of symbols according to the rule described in Sect J7.51 Each 
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element is denoted by R io , where i = (p ,e , A ,p ) and R io = R(po,e , A ,p ). We repeat 
the same construction for any component of Qq. 

General step. Given the partition {i? io ... ifc _ 1 }j 0j ... )ifc l of Qk-i for some k > 1, define i?j ...i fc _ 1 (uk) = 
{z G Ri ...i k l : Uk is a close return time of J^o+ H-f/j-i^j Here and for the rest of this section 
we adopt the next 
Convention. u = 0. 
By definition, 

Qk= U (J R io-i k -Mk). 

(io,— ^fe 

Proposition 7.3. (Geometry of rectangles at close return times) Let z G f Vo+ '" +Vk - 1 Ri ...i k _ 1 
and suppose f Vk z G B [ J k) C B {Uk) . Then the unstable sides of f Ul+ - +Uk R iQ ... ik ^ n B {Uk) are 
C 2 (b)- curves stretching across B^ k \ 

We finish the construction of the partition of Qk assuming the conclusion of the proposition. 
Take a component of f Ul+ '" +Uk Ri ...i k _ 1 (u k ) and denote it by R. By the proposition and the 
geometric structure of critical regions in Proposition ESI on each unstable side of R there exists 
a critical point, within 0(b~^) of its midpoint. In particular, R meets all the requirements 
(Rl-4) in Sect J7.4l Following the steps in Sect EH 17.51 define a partition of R with the 
family of long stable leaves and assign to each element the set of symbols. Let Ri ...i k _ l i k = 
f~^ L ' l+ '" +l,k 'R(pk,ek,A.k,Pk)- l where ik = (pfc, e^, A fc ,p fc , z/ fc ). We repeat the same construction 
for any component of f Ul+ '" +Uk Ri ... ikl (u k ). 

Proof of Proposition \ 7. 3[ Let T Uk _i(z) = {(x(y),y): \y\ < \/b}. Consider the vertical strip 
V = {(x,y): \x - x(y)\ < 5^, \y\ < Vb}. 

Lemma 7.5. V does not intersect the stable sides of f Uo+ '" +Uk ~ 1+l Ri ..-i k _ 1 ■ 

Proof. Let a denote any stable side of f u °^ hI/fc - 1+1 i2j ...j A ,_ 1 . By construction, there exists 
y G W u R a such that dc(f n y) > e~ 5an holds whenever f n y is free, and a C T(y). Suppose 
VCia 7^ 0, and let f G VHa. Let rj denote the point of intersection between T and the horizontal 
through £. The definition of V gives |f - 77 1 < 5™, and thus If^rj - f ^f | < 8 2i . Since 
r] G T, \ f Vk z - f Vk - l r]\ < (Cb)^- 1 holds. Hence \ f Vk z - /"^f | < (Cb)^ follows. Meanwhile 
\f v *>- 1 £ — f Vk ~ l y\ < (Cb) Uk ~ 1 holds, and the assumption on z gives \( — f Vk z\ < C5^~ , where 
( is any critical point on the unstable sides of Bq. Therefore 

ic - n-'yi < ic - r k A + \r k z - + \r k ' l i - r^vi < s%. 

This estimate and the proof of Corollary 15.11 together indicate that f Vk ~ x y is free. Hence, 
Proposition 17.11 gives a critical point (' such that \(' — f Uk ~ 1 y\ > e~ 5aUk . Then it is possible to 
choose a horizontal curve 7 such that both ( and (' are on 7. This is a contradiction. □ 

By Lemma [7T5| V cuts a segment in each unstable side of f Uo+ "' +I/fc ~ 1+1 -Ri ...j fc _ 1 , denoted by 
7. Let (' denote the critical point on the same unstable side of f U0+ "' +Vk ~ 1 Ri -i k _ 1 as that of 
f~ lr y. Let z' be an arbitrary point in 7. Let Pk-i denote the bound period of f uo+ '" +Uk - 1 R io ... ik _ 1 . 
The bounded distortion gives ||-D/ J (/z)|| ~ H-D/- 5 ^')!! ~ ||u>,,-(z) || for 1 < j < u k , and thus for 
Pk-i - l<j<u k , 

(so) \\DfH{z')\\ « ic' - rvi • \\Df*v)\\ « ic - /-vi • ik-wii. 
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By Lemma 17.41 fP^-i- 1 ^ i s C 2 (b). Then, by [[21] Lemma 2.3.] and (130|) . the curvature of 
f v k-iry j s everywhere bounded from above by 



j=Pk-i 



Since || 1^(2) II — C^ll^i+il- 2 ) II f° r Pfc-i — 3 < V U it follows that the curvature is everywhere 
< y/b. ( 130|) also implies that the slopes of the tangent directions of f Vk ~ lr ) are < \/b. Hence, 
/" fe_1 7 is a C 2 (o)-curve. 

Parametrize 7 by arc length s. Using \( — / _1 7(s)| > C~ Pk - 1 for all s and the fact that the 
width of the strip V is 520, 



pr^(7( s ))iid S >cii^(z)n y ic-r l (7(^))i^>^ fc ^»^. 

This implies that f Uk ~ lr y stretches across B^ Uk \ □ 

7.7. Unstable sides are roughly parallel. A main step in the proof of Proposition 17.21 is 
an estimate of the measure of the set 

Rio-ik-Mk) = {z e Rio-ik^ ■ is a close return time of f v o+-+^-i z y 

This subsection and the next are devoted to obtaining this estimate. For the purpose of 
stating the next proposition we need some definitions. 

• (New constants) Choose Ci, C 2 as follows: | det Df \ > C\ on R ; for all £,77 in the unstable 

6 

sides of any component of Qq, angle(w(£), u(r))) < C2\£ — 77 1 . Let C3 = Coe 10BC o . 

• (Attachment of collars) For each R io C Qq, let Q(R io ) denote the component of fl con- 
taining R io . Let k > 1. For each R% ...i k C fife, By Proposition 17.31 there exists exactly one 
component B^ k ' of A™ containing f Ul+ '" +Uk R io ... ik . Let Q(Ri Q ...i k ) denote the component of 
f-(vi+~+» k )BM f| j^...^ containing J R l0 ... lfc . 

• For any z in a free segment of W", let denote the unit vector tangent to W u at z such 
that the sign of the first component is positive. 

Proposition 7.4. For every j > and any £, 77 in the unstable side of f Uo+ '" +u 3Q(R io ...i.), 
(31) angle(«(0, < C 2 C 3 3 ^ |£ - r/|. 



Proof of Proposition TJ). We argue by induction on j. The choice of C 2 and the convention 
v>o = give ([511 for j = 0. Let k > 1 and assume (}3~Tj) for j = k — 1. 

Lemma 7.6. For any £ ; 77 in the unstable sides off Uo+ "' +Uk - 1+1 Q(Ri ...i k _ 1 ), 

angle(Dfu(0,Dfu( V )) < C 2 C» h \K ~ fvl 

Proof. Let 0, = angle(-D/ l ?/(£), Df l u(r])), i = 0, 1. A simple computation gives 

CW + de-77| 

x - ipmoiiiiam^ii' 

Hence SjCl, provided k is sufficiently large. We have 

9i < CC^ 1 (|f - 7/| + angleMOXT/O)) • 
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The inequality follows from the following elementary fact: for any nonzero vectors u, v such 
that angle(w, v) <C 1, angle(w, v) < 2\u — v\/ min{||u||, \\v ||}. ( 13~T|) with j = k — 1 and |£ — rj\ < 
C: ; /(£) /('/) give 

^ - ry| + angle(«(0,«fo)) < 2Cr 1 C 2 C 3 ^- 1 |/e - M 
Replacing this in the previous inequality, 

0x < CC^CaC?*- 1 !/^ - M < CiP?\ft - M 
The last inequality holds for sufficiently large k , because of C^- 1 < Cl k from (J22J- □ 

For any f on the unstable sides of f Uo+ - +Uk - 1+1 Q(R io ... ik ), let 
(32) v(0 = p-Dfu(f- 1 0, 

where p > is the normalizing constant. If ko is sufficiently large, then i>(£) has a large slope. 
By the definition of «(•)? the sign of the second component of v(£) is constant for all £. 

By Proposition 17.31 and the distortion control, the contractive field t Vk -\ is well-defined 
on / iyo+ "' +!/fc - 1+1 Q(i?j ...jJ. Fix once and for all the orientation of e^-i so that the second 
component of e„ fc _i and that of v(£) have the same sign. Let f Uk -i denote the unit vector field 
orthogonal to e„ fe _x. Split v{£) = A^e^-iiO + B{OU k -i{0- 

Lemma 7.7. For any £i,£ 2 on the unstable sides of f Uo+ '" +Uk - 1+1 Q(Ri ... ik ), 

max{|A(£i) - A(£ 2 )|, \B(^) - < 2C 2 C^ - £ 2 |. 

Proof. The following elementary fact is used. For U{ = ( ) , < 6{ < it, i = 1, 2, 3, 4, 

I angle (it 1, w 2 ) — angle(u 3 , w 4 )| < angle(-Ui, u 3 ) + angle(u 2 , « 4 ). 

This can be checked using angle (wi, = |6>j — and the triangle inequality. 

We have A(&) = (e i/fc _i(^), t> (£$)) = cos (angle(ei, fc _x(£i), t> (&))) , where the bracket denotes 
the scholar product. Then angle(e 1/fc _x(£i), i> (&)) e [0>7r] holds, which is close to 0. Consid- 
ering cos" 1 : [-1,1] -»■ [0,tt] and ((cos" 1 )'! > 1 we have \Afa) - A(£ 2 )| < I cos -1 (A(fi)) - 
cos _1 (A(f 2 ))|, and 

Icos- 1 ^)) -cos" 1 ^))! = |angie(e„ fc _i(fi),<;(fi)) - angle(e i , fc „ 1 (6)^(6)) 

< angle (v(£i),v(£ 2 )) + angle(e I/fe _i(£i), e^_i(f 2 )) 

<2C7 2 C^|6-6|. 

The first factor in the second line is bounded by Lemma 17.61 The second factor is bounded 
by LemmaESl In the same way, we have B { = (fv k -i(£i),v(£i)) = cos (angle^-i^), 
and angle(/ I/fc _i(£i), v (&)) G [0,7r], which is close to 7r/2. Then 

|cos- 1 (S(ei)) -cos" 1 ^))! = |angle(^ fc _ 1 (e 1 ),t;(ei)) -angle(/ ! , fc _ 1 (6),^(6))l 

< angle(v(£i), + angle(/„ fc _i(fi), /^-x(6)) 

<2c 2 c^iei-6|. 

For the last inequality we have used the orthogonality of f Uk -i to e^.i. □ 

Lemma 7.8. There is a C l vector field <fto on f Vo+ "' +Uk - 1+1 Q(Ri ...i k ) which is tangent to the 
unstable sides of it, with ||0 O || < 2 and ||-D0 O || < 4C 2 C 3 I '' ! . 
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Proof. Let C^>C^ denote the critical points on the unstable sides of f Uo+ "' +Uk ~ 1 Q(Ri -i k _ 1 ). 
We introduce a nearly orthogonal coordinate on the rectangle which trivialize T(f() and 
r(/C')- Namely, it is a C 1 coordinate (x,y) on f uo+ - +Uk - 1+1 Q( y R io ... ik _ 1 ) such that: 

(i) 9/10 < < 10/9, \\d y \\ = 1, (d^dy) = 0, (6fe,t(/Ci)> = 1; 

(ii) T(f(^) = {x = 0}, r(/£( 2 )) = {f = c}, where c is a constant. 

It is possible to choose such a coordinate, by the properties of long stable leaves and (b) 
Lemma [2.51 Let T: (x,y) — > (x,y) denote the coordinate transformation. 

With respect to (f, y)-coordinate, we represent the unstable sides of f Uo+ '" +Uk - 1+1 Q(R io ... ik ) 
by graphs of functions 71,72, 71(f) < 72(f)- For all £ in the unstable sides the rectangle, let 

(33) (72(f) - 7i (x)) • v(0 = i(0e, fc -i(0 + B(0U-i(0, 

where v(£) is the one in f[3"2"l) and T(£) = (x,y). In what follows, we shall extend A, B to 
C 1 functions on the the entire f V0+ "' +Vk ~ 1+1 Q(Ri —i k ), in such a way that max(||A||, ||-B||) < 1 
and max (pill, \\DB\\) < 3C 2 C^ k . For all z in the rectangle, define 

(34) M*) = ^M«) + B(z)f» k -i(z)- 

Since ll-De^ J|, ||Z)/ I/fc _ 1 || are bounded by Lemma |273| this yields the desired inequality. 



^fe- 
To simplify notation, write A for A o T -1 , and the same for B, A, B. On the assumption 
that both 71(f) and 72(f) make sense, we extend A affinely along the y-direction. In other 
words, for y G [71(f), 72(f)], define 

(35) A(x, y) = A(x, 71(f)) + (y - 71 (f )) (A(x, 72(f)) - A(f , 71(f))) . 

In the same way, we extend B affinely along the y-direction. If, for instance, 71(f) makes 
sense and 72(f) does not, we enlarge the domain of definition of 72 so that 72(f) makes sense. 
It is possible to show, using the long stable leaf of order u k — 1 through 71(f), that 72(f) is 
sufficiently close to the unstable sides of the rectangle, so that all the preceding arguments go 
through. 

The definition gives max(||v4||, ||-B||) < 72(f) ~ 7i(f) 1. Lemma 17.71 and the choice of 
(f , ^-coordinate give max(||c^A||, ||9§S||) < 3C 2 C^ k . To evaluate the norms of f- derivatives, 
we assume that and f~ lr y a (x) belong to the same unstable side, a = 1,2. Recall the 
symbolic coding i k _ x = (p k -i, e k -i, A k _ 1 ,p k _ 1 , u k -i). In the case e fc _i = + or -, 



(36) 

In the case e k -i 
(37) 



dx 



dj 



[x 



< 



CVb 



3 Pk- 



dx 



[x 



< 



|/-i(f,7.(f))-C (CT) l 

cVB 

|/- 1 (f,7.(f))-C 



< g log c < e log c _ 



3 Pfc- 



< g log C < g log Cq _ 



pk-1 1 



In either of the two cases, Sublemma 17.71 gives 



(38) 

As A(x ,7<r(f)) 



§(f,7.(f)) 



< 3C 2 C u 3 k 



dx 



(f) 



< 3C 2 C^ k e^. 



(72(f) -7i(f))A(f,7 <T (f)), 
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Differentiating (J35J with x and then using (J2ZD (PJ we obtain < CaCf*. In 

the same way we obtain the desired upper estimate of . Transforming all these derivative 

estimates back to the original (x, ^-coordinate, we obtain the desired estimates. □ 

We now introduce the projectivization /* of Df, given by /*(£, i>) = Df(£)v/\\Df(£)v\\, 
and define vector fields 4>j on f L ' 0+ "' +Uk ~ 1+: ' +1 Q(Ri -i k ) f° r 1 < j < v ki by push-forward under 
/*: 

If efc_i = + or — , then for all £, 77 in the unstable side of f Uo+ '" +Uk Q(R io ...i k ), angle(it(£), u{rj)) - 
angle(0 I/fc _i(O,^ fc -i(^)) holds. If e k ^ = 0, then angle(/u(£), u(rf)) < angle(0^_i(O, 4>v k -i(v)) 
holds. Hence, [3T1) for j = k is a direct consequence of the next 

Lemma 7.9. For all z G / , * + "" H ' fc Q(i2i ...tJ; ||D^_i(z)|| < C 2 C 3 3l \ 
Proof. The following estimates, proved in Appendix A. 3, are used: 

det D/(0| 



(40) |dJ*(M|<2 

(41) |d e /*(M|< 



l|Af(£>ll 2 ' 

#7(0IIIMI 



P/(£HI 

Differentiating the formula of <pj and using the result recursively we get 

i=l 

where 0„ fc _i_j means (fi Uk ^i-i(f~ % z). By ( HUj) . for every 1 < i < Vk, 

ni— 1 II n fi-lf f—i+1. 



\Dr\r +1 z)\\ 



\\Df^{f^z)4> Vk -i\\ 2 |p/- i+i (^)ll ' 

1]) gives 

ii^r^-i-iW-^ii < ii^A(r^,0 l , )i _ 1 _ l -)L>r 1 (r m ^)iiiPr i+1 (^)ii 

< \\Df(f-'z)\\ " CC * llDf {Z)1 

Replacing all these in the above equality, 

ll^ lW ll < |V^ 1I5 Bp5^ +1I ^^l F il^(r- I )ii. 

To evaluate the denominators of the fractions, we need 

Lemma 7.10. For all £ in the unstable sides of f Uo+ "' +Vh - 1+l Q(Ri ...i k ) and < j < 
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Proof. Let ( denote the critical point on the same unstable side of f uo+ '" +Uk - 1 Q(R io ...i k _ 1 ) as 
that of Let q denote the fold period for f~ 1 ^. In view of Proposition 15.21 and the 

bounded distortion, for q < j < v k we have "^"ffi" > > CS, and for < j < q, 

' K ll<M£)ll — IK(/ 5)11 — ' 

110,11 > 11^(011- □ 

Lemma [7.81 and Lemma [7. 101 give 

p^-i^)!! < C6 ~ 2lQi + c5- 2 h v *c 2 cl Vk < c 2 cl Uk . 

i=l 

The last inequality holds for sufficiently large fco- D 

7.8. Area distortion bounds. Proposition 17.41 and the next area distortion bounds together 
allow us to estimate the Lebesgue measure of the set in question. 

Proposition 7.5. For every k>l and aW£i,£ 2 G f Uo+ '" +Vk ~ 1 Q(Ri -ik)> 

[detg/^(ji)j cr i 

|detD/«*(6)| - 
Proof. Since ||Z?log| detD/||| < CbC^ 1 , it suffices to show 

(42) El/^i-Z^I^C 

i=0 

Let 7 denote one of the unstable sides of /^ 0+ '" +I/fe ~ 1+1 <3(-Ri ...j fc _J. Let t/ ct denote the 
point of intersection between r i/fc __i(^ (T ) and 7 (a = 1,2). Let < i < v^. If r\\ and 
772 are on the unstable sides of f Uo+ "' +Uk - 1+1 Q(Ri ...i k ), Lemma [7.101 implies \ f l r]i — f l r]2\ < 
C5~ 1 \f Uk ~ 1 r]i — f Uk ^ 1 r]2\ < C5io _1 . On the other hand, the contraction along the long stable 
leaves gives \f(f&)-f%\ < (Cfc)i \f^- V<7 \ < (Cb)^. It follows that | | < C5^~\ 
Summing this over all < % < Uf. yields ( 14*21) . Even if rji or rj2 is not on the unstable side 
of f U0+ "' +Uk - 1+1 Q(Ri ...i k ), the constants in Lemma 17. 101 are not significantly affected because 
/£ij/£2 G /^ 0+ ''' + ^~ 1+1 (5(-Ri ...j fc ) holds. Hence we obtain the same conclusion. □ 

7.9. Proof of Proposition l"7T2l In what follows, we assume k > ko is large so that C^C^"* < 
C^. Denote by 71 and 72 the two unstable sides of f l ' 0+ "' +l ' k Q(Ri -i k ), and consider their 
graph representations 71 = {(x, Ji(x))}, 72 = {(x, 72(3;))}. Let L(x) = \ji(x) — 7 2 (x)|. 
Proposition 17.41 and the Gronwall inequality give L(x)/L(y) < e*" 3 k \ x ~ y \ for all x, y. As 
k -2/1 < C5w , L(x)/L(y) < 2 holds. 

Let S V]sj i, S Uhi 2, • • ■ denote the components of Ri ...i k _ 1 (b , k), the total number of which is 
clearly < 2" h . For each S UkjTn , the above estimate and Proposition 17.31 give 



\fvo+-+v k Q(R 



< 25+. 



«0— »fc/ 



Proposition EH gives - ^ k for a11 6,6 e Q(R io ... ik ). Hence 

| / -(^o + - + ^) (g K) ) n^ im | ^ | / -K + - + ^)(^))n^ fc , m | ^ 2e c- fc ^ 

l-^io— ife-il |Q(-Ri — *fc)l 
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The first inequality follows from the obvious inclusion Q(R io „, tik ) C R io ... ik _ 1 . Summing this 
over all components, and then for all feasible v k , 



"J hi \R*o-*h-i\ ... |( , A . 



Therefore 



in*i= E i^..,j= E i^o...,_JE^^< eCrl ^i^i- 

This completes the proof of Proposition 17.21 

7.10. Transitivity. We show / is transitive on K. Let H(Q) denote the closure of transverse 
homoclinic points of Q. Then H(Q) C K holds. It suffices to show the reverse inclusion. Let 
z G K, and let U be an open set containing z. Since the Lebesgue measure of U D K + is 
zero, U intersects W S (Q). It follows that W S (Q) is dense in K. By Inclination Lemma, z is 
accumulated by transverse homoclinic points of Q. Hence K C H(Q) holds. 

Appendix 

A.l. Proof of Lemma 14.61 From the next sub lemma, it follows that f n G D 1(5) is made 
up of C 2 (6)-curves. This yields the conclusion of Lemma [4.61 For a proof of it, the correct 
order for the reader is to go over Sect J5.2l 15.31 first. For z G W U (Q), let t(z) denote any unit 
vector tangent to W U (Q) at z. 

Sublemma 7.2. Let n > and z G G. If f l z ^ 1(5) for < i < n, then there exists a 
sequence < n\ < n x + pi < n 2 < n 2 + P2 < ^3 < • • • < n of integers such that: 

(a) f«z G 

(b) pz G {{x, y) Gf 2 : \x\ > 9/10} for m + 1 < 3 < n { + p i; 

(c) pr-tWII > ($/10)||£>/'t(2)|| for < j < m. 

Proof of Sublemma \ 7.2\ The argument is an induction on n. For n — 0, the assertions are 
direct consequences of the definition of G. Suppose that they hold for n = k. From the fact 
that the orbits of all critical points on W U (Q) are out of Rq, all the estimates in Proposition 
15.21 remain to hold for them. This allows us to decompose the orbit of z into bound and free 
segments as follows: n, < k is a return time to 1(5). By the assumption of the induction, 
there exists a C 2 (6)-curve in W U (Q) tangent to Df ni t(z) stretching across 1(5). Let pi denote 
the bound period, given by the critical point on the C 2 (6)-curve and an associated critical 
partition in Sect J5.3[ Let n i+ i denote the next return time to 1(5). By (c) in Proposition I5.2[ 
bound parts of f k+1 G do not return to 1(5). This recovers all the assertions for n — k+ 1. □ 

A. 2. Proof of Lemma 15.11 First, for M < k < 20n — 1, we show 
(43) e~ 3ak D k (C) < D k+1 (C) < e- 3a D k ((). 

To this end, let de(i) = irdnj-g^+i] ||^(C)l| 2 ||' u; i(C)ll _3 - Then 

Dk+i(() _ to mmje^+i] d k+1 (i) < ^_ 3a mm ie[ljk] d k +i(i) < ^_ 3a 
-Dfe(C) min ig[ i ifc] d k (i) ~ ' mm ie[1)k] d k (i) 

and the second inequality holds. 
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(G2) gives |K+ 2 (C)II > e" 2a(fc+1) ||w fc+ i(C)||, and thus for 1 < i < k, 

4+i« = min {4(0, K +2 (C)l| 2 |K(C)ir 3 } > e~ iak d k {i) > e- 4a ^D k (C). 
Using K +1 (C)|| < C \\w k (C)\\ and |K(C)II > e^K^OH from (G2), 

d k+1 (k + l)>C 3 e- 4a ^d k (k). 



These two inequalities yield the first inequality in (1431) . 

We now show (a) (b). From (f) Proposition 15. 2[ [[21] Lemma 2.3] and the fact that 7 is 
C 2 (b), f x{k hk,s is C 2 (b). Using 



length(/^) 7M ) > Ce- 3ak \\w x(k) (0\\(D k (() - D k+1 (()) > Ce- 3ak \\w m (()\\ D k (()(l - e~ 3a ) 



> Ce 



-3ak 



11^(011^(0^^(1 -e- 3a )>e 



-iak 



The third inequality follows from k — x(k) < y/ak in (G2). Using D k+ i(Q > C 3k and 
length( 7fc ) < Ce 2ak Dl +1 (Q which follows from fl43| ). 



\1+Ca 



length( 7M ) < e- iak • length( 7fc ) < D k+ -^ (0 < d(j k ,„ 

Here, d(^ k)S , Q denotes the distance between 7 fc jS and Now (b) follows from [[2T] Lemma 
5.12]. □ 



A. 3. Derivative estimates of projectivization. We prove (|4T)]) ( |4T]) . Let v x denotes any 
unit vector orthogonal to v. Then 



\dvf*{t,v)\ = lim 

A9— s>0 



J_ f Dmjv + Aev^ Df(Qv 
AO \\\Df(t)(v + A0v±)\\ \\Df(t)v\\ 

1 \\Df(£)v\\- \\Df(£)(v + A6v' 



< ■■" + 

- \\Df(0v\\ A0-O 



< 2 



A# 

detD/(0l 



\\Df(t)v\ 



\\Df(t)v\\ \\Df(0v\\ 2 
Let £ = (x, y). Writing £ x = £ + (Ax, 0) we have 



|3J*(MI = lim 

Ax— >0 



lim 



< 2 lim 



1 / Df(Qv Df(£)v 
Ax \\\Df(Qv\\ \\Df(C)v\\ 

J_ ( Df{fU)v-Dmv _ \\Df{tM\-\\Df{j>\\ nf( t 1 

AxV p/(0fii ip/(0«ini^/(e.)«ii A j 

1 (Df(Q-Df(^)v 



In the same way we get 



Ax ||Af(£M 



\d y F(Z,v)\< 



\\Df(0v\ 



\\Df(0v\ 



h Dm]v 



d_ 

dx 



Df(0 v 
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